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Jacobi’s Four Squares Theorem

Arman Yagci

Supervisor: Benjamin Linowitz

Abstract

Jacobi’s Four Squares Theorem is a celebrated result of number theory that provides a
formula for the number of ways a positive integer n can be written as a sum of four integral
squares. In this paper, we prove this theorem using the theory of modular forms.

1 Introduction

Given a natural number n, there are efficient ways to determine whether n is a perfect square.
If it is not, an interesting question to follow with is whether it is a sum of two squares. In general,
given m > 1, mathematicians have wanted to determine which integers could be expressed as a
sum of m integral squares. In 1640, Pierre de Fermat wrote to Marin Mersenne about his Sum of
Two Squares Theorem, in which he outlined a proof method of descent. As he often did, however,
Fermat did not publish the full proof. It was a century later, in 1749, that Leonhard Euler man-
aged to provide the first published proof of the theorem by following Fermat’s method of descent.

Fermat’s Two Squares Theorem. An integer n > 1 can be written as a sum of two squares if
and only if the prime factorization of n does not contain p* (where k is the multiplicity of p) for
all primes p such that p =3 (mod 4), k odd.

Later, in 1797, Adrien-Marie Legendre published his Three Squares Theorem, which provides
a classification for m = 3.

Legendre’s Three Squares Theorem. A natural number n can be written as a sum of three
squares if and only if n # 4°(8b+7) for any a,b > 0.

It was actually a bit earlier in 1770 that Joseph-Louis Lagrange famously proved the following
result based on Euler’s work on sums of two squares.

Lagrange’s Four Squares Theorem. FEvery natural number can be expressed as a sum of four
integral squares.

This completed the picture, as for m > 4, one can simply add squares of zeros as necessary to
express any integer as a sum of m squares. Now that it was known that given a natural number,
there was at least one way of writing it as a sum of four squares, the question became: exactly
how many ways are there? In this paper, we prove Jacobi’s Four Squares Theorem, first proved in
1834 by Carl Jacobi, which expands on Lagrange’s result by providing a formula for the number



of ways an integer n can be expressed as a sum of four squares. For an in-depth history of these
theorems, please refer to [Weil 1906].

Before we state Jacobi’s theorem, a couple of remarks are in order. When we count the number
of ways of writing n as a sum of four squares, we take order into account. For example, here are
all of the eight different ways 1 can be written as a sum of four integral squares:

1= (£1)>+ 0%+ 0>+ 0> = 0° + (£1)* + 0> + 0
=024+ 0+ (£1)2+0* =02+ 0>+ 0% + (£1)2.

Although the difference between the eight ways of writing 1 as a sum of four squares is rather
trivial, this is not necessarily the case. As an example, two nontrivially different ways of writing
10 as a sum of four squares are 3% 4+ 12 + 0% + 02 and 22 4 22 + 12 + 12. We now state the theorem:

Jacobi’s Four Squares Theorem. For any positive integer n, let a,, denote the number of ways
n can be expressed as a sum of four integral squares. Then,

{80(71) for n odd,

" 240(ng)  form = 2"ng even, ng odd.

Here, o(n) gives the sum of the positive divisors of n. Although the theorem only considers val-
ues of n that are positive integers, it’s trivial to see that 0 can only be expressed as 02 402 402 402
and that there is no way to express a negative integer as a sum of squares.

Our proof of the theorem heavily utilizes the theory of modular forms. We begin Section
2 by introducing the concept of modular forms as defined for congruence subgroups of SLy(Z).
Section 3 introduces Hecke operators defined on spaces of modular forms. Our proof of Jacobi’s
Four Squares Theorem begins in Section 4, and it follows the following outline: We first find a
generating series for the sequence {a,},cz and show that it is a modular form. Next, we find a
basis for the space of modular forms containing said generating series and use that basis to find
eigenforms for our Hecke operators. Finally, by comparing the Fourier coefficients of particular
eigenforms, we obtain the desired formula. The reader is encouraged to skim the technical lemmas
and propositions in these sections and focus on following this outline for the initial reading.

2 Modular Forms

2.1 The general linear group acts on the Riemann sphere

For any subring R of R, the general linear group GLy(R) is defined as the set of 2 x 2 invertible
matrices with entries in R. The special linear group SLs(R) is the subgroup of GLy(R) consisting
of matrices with determinant 1.

GLy(R) acts on the Riemann sphere C U {co} by fractional linear transformations. (Here,
imagining the point at infinity far along the imaginary axis, we take co = ico.) That is, given

v = (CCL Z) € GLy(R) and z € CU {oo}, we define

az+b‘

= o d

yoo := lim vz = a/ec.
Z—100



We remark that for ¢ # 0, y(—d/c) = lim,_,_q/. 72 = 00, and if ¢ = 0, yoo = lim,_,;c 2/d = 00
(d # 0 as det(y) # 0).

We will denote by H the upper half-plane of the complex plane; that is,
H={2€C| Imz > 0}.

Let GL] (Q) denote the subgroup of G'L(Q) consisting of matrices with positive determinant.

Lemma 2.1. GL] (Q) preserves H.

Proof. Let v = ( ) € GL3(Q) and z € H. It suffices to show that Im(yz) > 0. We have

az+0b m(az+b)(c§+d)
cz+d lcz + d|?

Im(yz) = Im = |cz 4 d|"*Im(adz + bcz),

where
Im(adz + bez) = adIm(z) + belm z = (ad — be) Im z.

Since 2z € H, Im z > 0; and v € GL3 (Q) implies det v = ad — bc > 0.

Hence, Im(vyz) = |cz + d|"%(ad — bc) Im z > 0 as well. O

As GL3 (Q) 2 SLy(Z), we note that SLy(Z) preserves H as well by Lemma 2.1.

Throughout the paper, we’ll frequently encounter two matrices, which are

0 -1 11
S—<1 0) and T—(O 1).
These matrices generate SLs(Z), and the proof is similar to our proof of Proposition 2.3. (See
Exercise 1.1.1 in [Diamond and Shurman (2005)]).

2.2 Congruence Subgroups of SLy(Z)
Definition 2.2. We define the principal congruence subgroup of level N as

=4 (ea) e ()=o) oo}

where two matrices are said to be congruent modulo N if their corresponding entries are congruent
modulo N.

For all N € Z*, note that I'(N) is the kernel of the surjective homomorphism from SLy(Z) to
SLy(Z/NZ), induced by reduction modulo N. Hence, I'(N) is a normal subgroup of SLy(Z). More-
over, as the homomorphism embeds the cosets of I'(IV) in S Ly(Z) into the finite group S Ly (Z/NZ),
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it follows that I'(V) has finite index in SLy(Z).

A subgroup of SLy(Z) is called a congruence subgroup if it contains I'(N) for some N. It
will then further be called a congruence subgroup of level N. Note that for all multiples N’ of
N, I'(N') C I'(N). This implies that a subgroup that contains I'(/N) will also contain I'(N’).
Therefore, the level of a congruence subgroup is not unique. (Athough some refer to the smallest
level as “the level” of the congruence subgroup, this is not necessary for our purposes.) Moreover,
it is immediate that SLy(Z) itself is a congruence subgroup of all levels V.

Some important congruence subgroups we will use are

To(N) = {(‘Cz Z) € SLy(Z) : (‘Cl Z) = (; :) (mod N)}
(e erim (¢ -6 ) )

where the entries marked by * can be any integer.
Below, we find generators for I'g(4), which will be particularly useful in the proof of our main

theorem.

and

Proposition 2.3. —I, T, and ST*S generate T'y(4).

Proof. First, we calculate

ve (0 =1\ (1 4\ (0 -1\ (-1 0
STS_(lo o 1)\ o) 4 —1)"
It’s trivial to see that —1I,T,ST*S € T'y(4), and so they must generate a subgroup of T'g(4). Let
a b

7= \4e d
and STS (and their inverses).

€ I'y(4) be arbitrary. It suffices to show that v can be written in terms of —I, T,

Note that det(y) = ad — b(4c) = 1 implies ad = 1 (mod 4) so that either a = d =1 (mod 4)
or a=d=—1 (mod 4). In particular, this shows that d Z 0 (mod 2).

We will use induction on ¢. As we can multiply v by —1 if necessary, without loss of generality,
we may assume that ¢ > 0. If ¢ = 0, then ad = 1 forces a = d = £1. If a = d = 1, then

7_(() 1>_T.Ifa—d——1,then’y—(0 _1>——IT :

Now, suppose v = <4ac Z) can be written in terms of —I, 7T, and ST*S whenever 0 < ¢ < ¢

a b

/ + . .
for some ¢ € Z*. Consider v = il d

2(k + 1) for some k € NU{0}.

). As we saw that d Z 0 (mod 2), we have 2k < |d| <

If k is even and d > 0, let n = —1 and m = —k/2.
If kis even and d < 0, let n = 1 and m = k/2.
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If kisodd and d > 0,let n =1 and m = —(k + 1)/2.
If kisodd and d <0, let n = —1 and m = (k+1)/2.

Then, we have

m ionn (@ b 1 m 1 0y [a b\ (4mn+1 m
VT (=ISTS) _(4(;’ d) (0 1)(4n 1)—(4(;' d)( 4n 1)’

which has lower left entry 4¢/(4mn + 1) +4nd = 4((dmn+ 1) + nd). It’s straightforward to check
that our choice of m,n satisfies —¢ < (dmn + 1)’ + nd < ¢’. Multiplying v by —1 if necessary,
without loss of generality, this implies that 7™ (—1ST*S)™" has lower left entry in the form of 4c
where 0 < ¢ < ¢. By the induction hypothesis, we conclude that vT™(—IST*S)™™ can be written
in terms of —I,T, and ST*S, which in turn implies that v can be written in terms of —I, T, and
STHS.

We've shown that —I, T, and ST*S generate T'g(4). O

Although it is not a group, another useful set to define is

n . : a b a b 1 * a b
A"(N,{1},Z) := {mteger matrices (c d) : (c d) = (O n) (mod N) and det (c d) = n}

Below we find “coset representatives” for T'y (V) in A™(N, {1}, Z).

(0 -1
an = N 0 .
Lemma 2.4. For n,N € Z*, let n = ad where a € (Z/NZ)* and d € Z*. For each possible

-1
choice for a, fix o, = <a0 2) (mod N) in To(N) where a™' denotes an integer representing the

wverse of a modulo N. Then,

First, for all N € Z, we define

AMN{1},2) = | Ti(N)o, (8 Z)

disjoint

where the disjoint union is taken over all pairs a,b such that b € {0,1,...,d— 1}.

-1
Moreover, if gcd(n, N) = 1, then n has an inverse modulo N so that we can fiz o, = n() 2
(mod N) in I'o(N). Let a € (Z/NZ)* satisfy n = ad, and let b € {0,1,...,d — 1}. Define

a b\ _
g p = OpQNDyg 0 d aNl. Then,

An(N,{l},Z): U 111(*]\'7)05¢z,b-

disjoint



Proof. To prove the first equality, it suffices to show that o, (8 d

a b
0 d

a b a b
observe that det <Ja (O d)) = det(o,) det (0 d) =1-n=n and

6= D66 wen

) form a complete set of coset

representatives for I'y(N) in A™(N,{1},Z). To see that o, € A"(N,{1},Z) for all a,b,

as required.

Claim 1: o, <g Z) are in distinct cosets of I';(N) in A™(N, {1},7Z).
. e a b a v
Proof: Suppose, for the sake of contradiction, that there exist distinct o, 0 d and o 0 d
a b a v :
such that I';(N)o, 0 d) = ['1(N)oy 0 4/ Then, there exists a v € I'; (V) such that

a b a v
Yo, (O d) =0y <0 d') ) (1)

Since 7, 04,04 € SLo(7Z), we must have

a b a b _1_ (1/(1, —a(ll)i;-,ba’
(o d) (o d/) _( o djw )€ @

) —ab'+ba
as well. But then det <a/0a c?%l , ) = 1 implies a/d’ and d/d' are two integers whose prod-

uct is 1. Thus, a/a’ = d/d' = 1 since a,d’, d, d" are positive integers, which forces a = a’ and d = d'.

Now, note that &' +d (%) = b, where _“i’l’jb“ = _“2::[,”“/ is an integer by equation (2). Fur-

thermore, since we have 0 < b,b' < d, we must have d (%) = 0. Hence, b = b'. We've shown

a b a b . . a b a b
that o, (0 d) = oy ( 0 d’)’ contradicting our assumption that o, (0 d) and o, < 0 d’)

were distinct. We conclude that o, b) are in distinct cosets of I'y(N) in A™(N, {1}, Z), prov-

a
0 d
ing the claim. JAN
Claim 2: F (DY e AN (11, 2), a e Ty (W) (@ ) ¢ a b
aim 2: Forany = ( , AL Z), aeTh(N)oa | ;) for some oq { o ).
Proof: We'll first show that there exists a 7 € SLy(Z) such that ya = (8 2), where

ged(a, N)=1,a>0,ad =n, and 0 < b < d.
Let g = m and h = “—/,) Then, ga’+hcd = 0. Since ged(g, h) = 1, there exist e, f € Z

" ged(a ¢

such that eh — gf = 1. Thus, v = (; £) € SLy(Z). Consider ya and write ya = (CCL 2) for
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some a, b, c,d € Z. Since det(ya) = det(y)det(a) =1-n =mnand ¢ = ga’'+hd =0, ya = :
where d = n/a so that det(ya) = n. Observe also that ¢’ = 1 (mod N) and ¢ = 0 (mod N)
imply a = ed’ + f¢d = e (mod N). As N | ¢ and ged(a’, N) = 1, we also have g = ng(C;, 73
(mod N). Thus, eh — gf = 1 implies eh =1 (mod N) so that ged(e, N) =1. As a =e (mod
ged(a, N) must divide N and e, which forces ged(a, N) = 1.

Since det(ya) =n # 0, a # 0. Suppose a < 0. Since d = n/a, d < 0 as well. Choose j € Z such

that 0 < —b+ jd < —d. Then, (‘01 _31) va = (_Oa _b_tijd
—a >0, and 0 < —b+ jd < —d. Similary, if a > 0, choose j € Z such that 0 < b+ jd < d. Then,

((1) {) Yo = (8 b—tl]d) is a matrix with determinant n, @ > 0, and 0 < b+ jd < d. Hence,

) is a matrix with determinant n,

b) has determinant n, where a > 0

without loss of generality, we may suppose that ya = (g d

and 0 < b < d.

S

Next, note that o € A™(N,{1},Z) implies o = (mod N) for some s € Z. Thus,

1
0
1
a=~"1 (3 Z) gives us (é Z) =41 (8 3) (mod N). Hence, v = (ao Z) (mod N)

for some ¢t € Z. Observe that
-1 1 4,1 -1
1 1_ (a t a 0\ _ (faa ta 1 ta
7Y —<0 a) (0 a_1>_( 0 aa—1> (0 1 ) (mod N),
which shows that v~ 'o, ! € Ty (N).
Hence, v~ € T'1(N)o, so that a € T'1(N)a, (8 2), as desired. A

This proves the first equality. Next, to prove the second equality, it suffices to show that
o, form a complete set of coset representatives for I'y(N) in A"(N, {1},Z). To see that a,p €
A"(N,{1},Z) for all a,b, observe that

Qab = (;171 N 0 a(_)l a gn/a -1 0 )~ —ana_l;;
(o ) ()0 2) 6 o) (5 10) = (o )
EG Z) (mod N).

Furthermore, as 0,0, € ['o(N), we see that

1
“ b)det(oz]_vl)zl-N-l-n-—:n.

det(agp) = det(o,) det(ay) det(o,) det (O J N

Hence, a,p, € A™(N, {1}, Z).

Claim 3: gy are in distinct cosets of I'y(N) in A™(N,{1},Z).



Proof: Suppose, for the sake of contradiction, that there exist distinct oy and aq iy such that
I'1(N)agy =T'1(N)ag . Then, there exists a v € I'1 (V) such that ya,, = au . Thus, we have

a b\ _ a v\ _ a b a v
Y (anozNaa <0 d) ole) = 0, QANOTy (O d’) ole = Y0,QNOg (0 d) = 0,aNOy <0 d’)
= 0_170 QNO, a b = QNOy « v
no e “\0 d “\0 d

k) and note that

m

l
enman(§ )6 ) (e )
(07

As g,,7 € To(N), det(n') = det )det( Ydet(o,) = 1-1-1 = 1. Furthermore, v € I';(N)
implies j =m =1 (mod N) and {(n"1)? =0 (mod N). Tt follows that 7/ € T';(N). We have

, a b\ a’b’:>,1, a b\ a v
Y AOUNOg 0 d = QNOy 0 d, CYN’}/CYNO'G 0 d = Ogq/ 0 d, .

-/ k;/
m’) for some j', k', ¢',m' € Z and note

Let 7/ = o, 'y0,,. ertev—(

J
gl

., {0 IN\[(§ KN(O0 -1\ [ m —l/N
TmavTan=A_1 o J\e w)\N o) T \=NK )

/ o -/ /
As conjugation doesn’t change the determinant, det <_T]:Lfk, éj,/ N) = det (‘2, 7];,) = 1. Since

v € I'1(N), we also have m’ = j' = 1 (mod N) and —¢'/N € Z. Finally, —Nk’ = 0 (mod N)
shows that 4 € I'1 (V). We've obtained the equation

_ a b a v
Y0u (0 d) ”"“(0 d’)' )

Now, following the proof of Claim 1 from equation (1) onwards with the substitution v = %
shows that a = a/, b =10, and d = d'. Hence, o, = oy, which contradicts our assumption that
aqp and ag p were distinet. We conclude that o, are in distinct cosets of I'y(N) in A™(N, {1}, Z),
proving the claim. A

Next, let ¥ = ay'vay. Once again, we write 7' = (
that

Claim 1 and Claim 2 show that every coset of I';(N) in A™(N,{1},Z) can be written in the

form I'y (V) oy, <8 2) . Furthermore, it is clear from the definition of o, that each «, is uniquely

b . . e
8 1) Since Claim 3 shows that «, are in distinct cosets, they must form a
complete set of coset representatives. This completes the proof of the lemma. O

determined by o,

2.3 Weight-k operators
Definition 2.5. Let f : HU QU {c0} — C U {oo} be a function, and let k¥ € Z. Given

N = (‘i 2) € GL3(Q), we define the weight-k operator []. by

FIk = (dety)*?(cz + d)* f(yz2) .

8



Here, Lemma 2.1 ensures that vz is in the domain of f.

Proposition 2.6. The weight-k operator preserves addition and scalar multiplication of functions
that map from H U QU {oo} to CU {o0}.

Proof. Let f,g: HUQU {0} — CU{oo}, r € C, k € Z, and v € GL3 (Q). Then, by Definition
2.5, we have

(f + 9)(2)[]e = det(1)*?(cz + d) *(f + g)(72)
= det(7)"*"*(cz + d)*(f(v2) + 9(12))
= det(7)"?(cz +d) ™" f(y2) + det(7)"?(c2 + d) " g(72)
= f() [k + 9(2) [k
and
(rP) @)k = det(7)**(ez + d) ™ (rf)(v2) = rdet(7)**(cz + d) ™ f(v2) = rf(2)|[V],
as desired. O

Proposition 2.7. f|[vivelr = (fl[nli)|ele for all v1,7 € GL3 (Q).

Proof. For all v = <CCL Z

(42)" 1001 - (“%ﬂ))mﬂw

_ (a(cz +(2;;§Z,z+b))k/2 Fr2)

> € GL3(Q), observe that

_ (acz + ad — caz — cb)*/?

N (cz + d)2k/2 1(z)
ad — be)k/?

= %f@z)

= (det 7)**(cz +d)™* f(72)

= f(D)I[Vk

Let 1,72 € GL3 (Q). Since GL3 (Q) is closed under matrix multiplication, v,7, € GL3 (Q) as
well. Consider

k/2
FMah = (B2E) o).

k/2 k/2 k/2
By the chain rule, this equals (% . %) f(nyez) = (%) (%) f(ny22).

On the other hand, let g(z) = f(2)|[n]x = (%)k/2 f(712) and observe that

I\ k2
Nl e = 9(2) el = (d” ) g(122).

Since g(v92) = (wyﬂ f(71722), we have shown that f(z)|[v172]x = (f(2)|[n]e)|[V2)k- O

9



2.4 Definition of A Modular Form for Congruence Subgroups

Definition 2.8. Let I' be a congruence subgroup of SLs(Z) and let k be an integer. A function
f:H — Cis a modular form of weight k with respect to T" if

(1) f is holomorphic on H,
(2) fllex is holomorphic at oo for all a« € SLy(Z), and

(3) f = fl[Vx for all y €T.

A function that satisfies the third condition is called weight-k invariant under I'. The set of
modular forms of weight k& with respect to I is denoted M (T").

Let f be a modular form. This means that f € My (') where I' C SLy(Z) is a congruence
subgroup of level N for some N € Z*. Then, TV = ((1) ]Y) € I'(N) C T implies f(z + N) =
F()|[TN] = f(2) so that f is N-periodic. In particular, since f is both holomorphic (i.e., f € C*)
and periodic, it must have a Fourier expansion that converges to f. That is, one can write

(e 9]

f(z)= Z ang™",  where q = €>™*

n=—oo

for some period h € Z*, and the sequence of Fourier coefficients {a,,(f)}nez uniquely determines f.

Furthermore, when we say that a holomorphic and h-periodic function f is holomorphic at co
(which is true for all modular forms f by Definition 2.8), we mean that f(z) is bounded as z — ioo,
or, equivalently, that f has a Fourier expansion of the form

[e.9]

f(2) =) ang"™.

n=0

To see that these two definitions are equivalent, note that if f were to have a nonzero Fourier
coefficient a,, for some n < 0, then

hm ’ane%rinz/h' _

lim |a,e*™ """ = 400
Z—100 b—oo

would imply that f is not bounded as z — ioc. On the other hand, when n > 0, we have

lim |a,e
Z—+100

27rinz/h’ _ ‘ao‘ < +4oo ifn= 0;
R if n > 0.

Due to the polynomial growth rate of a,, (as will be seen in Lemma 2.10), hmnj}.oo anq™'" = 0 so that
z 100

the series > 7 anq™'" diverges if and only if there exists an n € Z such that lim,_;e |a,¢""| =

+00. As we've shown that no such n > 0 exists, we conclude that >~ anq™" is indeed bounded

as z — 100.

Remark 2.9. Suppose f € My(I") where I" contains T = ) Then, f(z+1) = f(2)|[T]x = f(2)

11
0 1
n f(z) = 2o an(f)d"

so that f has period 1 and hence has a Fourier expansio

10



To confirm conditions (1) and (2) in Definition 2.8, we combine Lemma 4.3.3 in [Miyake (2006)]
and Proposition 1.2.4 in [Diamond and Shurman (2005)] into the following lemma:

Lemma 2.10. Let I' be a congruence subgroup of SLy(7Z) of level N, and let f : H — C be a
L-periodic function that is weight-k invariant under I'. Then, f € M(T") if and only if f has a
Fourier expansion of the form

o
f(2):=) ang", q=e""
n=0

that satisfies |a,| < en”  for alln € Zt and some positive constants ¢ and r.

Remark 2.11. Lemma 4.3.3 in [Miyake (2006)] considers Fourier series of the form f =37  a,(f)q".
On the other hand, if we let ¢ = > 7 ja,(g)¢" such that g = a¢(g) + f, Proposition 1.2.4 in
[Diamond and Shurman (2005)] looks at g written in the form g = 3> a/(g)g"/"N. Suppose

lan(f)] < en” for all n € Z* and some positive constants ¢, 7. Then, since a,(f) = a,(g) for all
n € Z*, we also have |a,(g)| < cn”. Observe that

9= a(9)d" =Y awn(9)g"™ =Y a,(9)g"",
n=0

n>0 n=0
Nin
where
0<cn” if N{n;
|a7,(9)| = . .
lan/n(9)| < c(n/N)" <en” if N |n.

Hence, for all n € Z*, |a),(g)] < en” as well. Also noting that ¢ is holomorphic at co by
definition, this enables us to combine the two results as we did. The “if and only if” nature of
the statement is due to only considering 1-periodic functions and noting the remark right after
the statement of Proposition 1.2.4 in [Diamond and Shurman (2005)] that the converse of the
proposition is also true.

Proposition 2.12. For all congruence subgroups I' of SLo(Z), My(I') is a complex vector space.

Proof. We verify the vector space axioms.

First, we show closure under addition and scalar multiplication. Let f,g € My(T'), ¢ € C, and
~v € I'. Then, by the algebra of holomorphic functions, cf + g satisfies conditions (1) and (2) in Def-
inition 2.8. As for the third condition, by Proposition 2.6, we have (cf+9)|[V]x = - fI[Vx+9][V]x =
cf + g, as desired.

The additive identity is the zero function, and the rest of the axioms follow from the properties
of functions. For example, commutativity can be seen from (f + g)|[V|xy = f+9 =g+ f =

(9+ DIk 0

For odd k, if —1 € T, note that f(z) = f(2)|[—I]x = —f(z) forces that f is the zero function;
that is, dim(M (")) = 0. In general, condition (2) in Definition 2.8 ensures that M (I") has finite
dimension. Explicit dimension formulas for even k and odd k can be found in Theorem 3.5.1 and
Theorem 3.6.1 in [Diamond and Shurman (2005)], respectively.

The following proposition reduces condition (3) in Definition 2.8 to weight-k invariance under
a finite set.
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Proposition 2.13. Let ' be a congruence subgroup of SLs(Z). Then, f is weight-k invariant
under I' if and only if f is weight-k invariant under the generators of I'. Therefore, it suffices to
check weight-k invariance under the generators of T' to confirm condition (3) in Definition 2.8.

Proof. Let T' be a congruence subgroup of SLy(Z). Since I' contains the finite index subgroup
['(N) for some N by definition, I" has finite index as well. As a finite index subgroup of the
finitely generated group SLs(Z), it follows that I' is finitely generated. Let 71,72, ...,7, be the
generators of I'. If f is weight-£k invariant under I', then clearly f is weight-£ invariant under
{7,7,---,m} CT.

Next, suppose f is weight-k invariant under {~;,72,...,79,}. By Proposition 2.7, observe that for
1 <i < n, we have

Al e = ) 1 e = b e = FllLle = f

as well. Define 7,41 = 97 Y2 = V5 - Y2n = 75 ' Then, our observation shows that f is

weight-k invariant under {71,792, ...,%2n}-

For all v € T, we can write ¥ = Y4,Vay - - -Va,, for some m € ZT, where ay,...,a, €
{1,2,...,2n}, possibly with repetition.

To show that f|[v]x = f, we will use induction on m. When m = 1, we have f|[7]x = f|[Va,)x =

f, since Yo, € {71,72,---,72n}.- Now, suppose f|[Ya,Vas---Va,, ]k = f for some m € Z*. By
Proposition 2.7, we have

fH,yal,Y% .- 'ryam/yaerl:Ik = (f|[’7a1rya2 s Wam]k)l[ryaerl]k?
which equals f|[7q,.,,]r by our inductive hypothesis. Furthermore, since vq,.,, € {v1,72:---,72n},
we see that f|[Va,Vas - - - Yam Yamsr [k = fl[VamiiJe = [ as desired.

We’ve shown that f is weight-k invariant under I' if and only if f is weight-k invariant under
the generators of T'. O]

Proposition 2.14. Let I', IV be congruence subgroups of SLy(Z). IfT" C T, then My (") C M ().

Proof. Suppose I',I" are congruence subgroups of SLy(Z) such that I" C T". Let f € M(I).
Then, f satisfies conditions (1) and (2) in Definition 2.8. Furthermore, f = f|[y]) for all v € T.
Since I C T, this implies f = f|[y]x for all v/ € I". Hence, f € M(I"). We conclude that
M, (D) C M;,(I). O

Lemma 2.15. The weight-k operator [ay]y preserves My(To(N)).

Proof. Let f(z) € My(I'o(NN)) and let v = (i Z

that f being holomorphic implies f(z)|[an]r = det(an)¥?(Nz)™*f(anz) = N7*227Ff (£) is
also holomorphic. Note that as z — 100, we have

) € I'((N). As z € H, z is never 0 or 0o S0

Fllanls = N4k (7 )~ N2 (A1) = NS

12



Recall that S = ((1) _01) € SLy(Z) and that SLy(Z) is closed under matrix multiplication.
Then, as z — i00, since f(z)|[Salr = (f(2)|[S]k)|[a]x is bounded by condition (2) in Definition 2.8
|

for all o« € SLy(Z ) it follows that (f(2)|[an]i)|[a]r ~ N72(f(2)|[S]x)|[a]k is also bounded.

It now suffices to show that (f|[an]k)|[V]x = f|[an]k- Note that

anyay = (f\)f _01) (Ccl Z) <_01 1/0N) - (—?Vb _Ca/N)'

Because 7 € T'4(N), we have ¢ = 0 (mod N) so that —¢/N € Z. Also, as conjugation doesn’t
change the determinant, det(ayyay') = det(y) = 1. Finally, it’s clear that —Nb = 0 (mod N)
and that a,d € Z. Hence, ayyay' € To(N). In particular, this implies f = f|[ayyay' ]|, since
f € Mi(Lo(N)). Then, by Proposition 2.7, we have

fllan]e = (fllanyay'Tollan]k = (fllan]) Y]k,
as desired. []

3 Hecke Operators

3.1 The T, Operator
Definition 3.1. For f € M (I'y(N)) and n € Z*, we define the T,, Hecke operator as

T,f :=n"?" Zﬂ ;]

where «; runs through a set of coset representatives for I't(N) in A"(N, {1}, Z).

We must show that T, is well-defined, i.e., it does not depend on our choice of coset represen-
tatives.
Let I't(N)a; = T'1(N)B; for some a;, B; € A"(N,{1},Z). Then, o; = yf; for some v € I';(N). As
f € Mp(I'y(N)), by Proposition 2.7 and Definition 2.8, we have

el = fllvBile = (FIV)IBs]e = FIIBilk

nD1 3 fllag) =m0 3 A3

which implies

as required.

At the end of the section, we’ll show that T,, preserves My (I'g(N)). For now, we prove some
results about commutativity and Fourier coefficients.

Proposition 3.2. Let f € My(T'o(N)). Then, T,,(Tonf) = Tw(Tof) for all n,m € Z* with
ged(n,m) = 1.

13



Proof. Let f € M (To(N)) € M(T'1(N)). By Definition 3.1 and Proposition 2.7, we have

T = S Sl (6 7

ged(a,N)=
a>0, ad=n
0§b<d

LAl DGR A )

ged(a,N)=1
a>0, ad=n
0<b<d

Since 0, € I'o(N) and f € M(Lo(N)), f(2)|[oa]r = f(2) so that

mE =1 5 S (G o)

ged(a,N)=1
a>0, ad n
0§b<d

nk/2-1 Z nk/def(<g Z) z)
)

ged(a,N)=1
a>0, ad=n
0<b<d

e 2 6(6 )

ged(a,N)=1
a>0, ad=n
0<b<d

1 k a b
w2 af((o d)z)'
ged(a,N)=1
a>0, ad=n

0<b<d

Thus, we have

!/

amme =0 X @ S (50 (60

ged(a’,N)=1 ged(a,N)=1

a’>0, a'd'=m a>0, ad=n
o<t/ <d’ 0<b<d

1 Z Z CLCL/ (l/b + b/d
= — zZ .
mn 0 dd’
gcd =1 gecd(a,N
a’ >0, a’d’ m a>0, ad n
0§b’<d' 0§b<d

Here, without loss of generality, we remark that the restriction 0 < b < d in the sums can be
replaced by the restriction of b being an element of a (fixed) complete residue system modulo d.

To see this, note that for all ¢ € Z, as 79 = ((1) (i) e I'o(N), f(T2) = f(2)|[TY]r = f(z). Thus,

(60 (o)) (6 )

Claim: As a and o run through the positive divisors of n and m such that ged(a, N) =
ged(a’, N) = 1, the product aa’ runs through the positive divisors of mn. Furthermore, as b and

14



b’ run through the elements of complete residue systems modulo d and d’, respectively, the linear
combination a’b 4 b'd runs through the elements of a complete residue system modulo dd'.

Proof: Let
A={a:ged(a,N)=1,a>0,a | n},

B={d :ged(d’,N)=1,d >0,d | m},
C={s:gced(s,N)=1,5>0,s | mn},
D ={ad :a € Aandd € B}.
Fixa € Aand ¢ € B;let d=n/a, d =m/a'. Define

E={db+bd:0<b<dand 0<V <d}.

Our claim is equivalent to the assertion that C' = D and E is a complete residue system modulo
dd'.

To see that D C C, let aa’ € D. Then, ged(a, N) = ged(a’, N) = 1 implies ged(aa’, N) = 1;
a,a’ > 0 implies aa’ > 0; and a | n and @' | m imply ad’ | mn. It follows that aa’ € C, which
implies D C C.

To see that C' C D, let s € C. Furthermore, let a = ged(s,n), and o’ = ged(s,m). Then, a | n,
a' | m,and a,da’ > 0.
We were given that ged(n,m) = 1. Since we also have a,d’ | s and ged(a,d’) = ged(s,n,m) =
ged(s, ged(n,m)) = ged(s,1) = 1, we conclude that aa’ | s. By Bezout’s identity, we can write
a = ged(s,n) = sx + ny and o = ged(s,m) = sz’ + my’ for some z, 2’ y,y € Z. Thus,
ad' = (sz + ny)(sz’ +my') = s*wa’ + szmy’ + sa'ny + mnyy' = s(sxa’ + xmy’ + 2'ny + Zyy)
where ™" € Z as s € C. This implies that s | aa’, and together with aa’ | s, we conclude that
s = taad’. Since s € C implies s > 0, and we also have a,a’ > 0, we can further conclude that
s =aad.
Next, without loss of generality, suppose ged(a, N) > 1. Then, ged(s,N) = ged(aa’, N) >
ged(a, N) > 1 contradicts s € C. Hence, ged(a, N) = ged(a’, N) = 1.
We’ve shown that ¢ € D, which implies C' C D. Together with our earlier result D C C', we
conclude that C' = D, as desired.

Next, we show that E is a complete residue system modulo dd’. Assume a’b+b'd = o' 3+ 'd for
some 0 < b, <dand 0 <V, <d. Then, a'(b— ) =d(p —b) implies b — 3 =t -lem(d’,d)/d’
for some t € Z. But since ged(m,n) = 1 = ged(m/d',n/a) = ged(a’,d) = 1, we must have
lem(a’,d) = a’d so that b — 5 = ta’d/a’ = td. The restriction 0 < b, 8 < d forces t = 0 so that
b=p.

With the substitution § = b, we now have a’b+0'd = a’b+ 'd, which implies b’ = 5'. We’ve shown
that each pair (b, ') corresponds to a unique element of E. Hence, E has a total of dd’ elements.
It remains to show that the elements of E are pairwise incongruent modulo dd’. Assume a’'b+b'd =
a'p + pf'd (mod dd') for some 0 < b, < d and 0 < ¥, < d'. Then, as d | dd’, we also have
ab+bd=dp+ p'd (mod d), which implies a’b = ¢’ (mod d). Because ged(a’,d) = 1, we can
divide both sides by a’ to obtain b = (mod d). As 0 < b, 5 < d, this means b = f.

With the substitution § = b, we now have a’b+b'd = a’b+ 'd (mod dd'), which implies 'd = f'd
(mod dd’). As d # 0, we can divide both sides by d to obtain ¥ = §’ (mod dd'/ ged(d, dd')), that
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is, ¥ = " (mod d'). As 0 <V, < d, this means O = . We've shown that the elements of £
are pairwise incongruent.

Overall, we conclude that E is a complete residue system modulo dd’, which completes the proof
of our claim. A

The claim that we proved implies that

Tl = o) ((o a/bdtz'b/d) )

ged(aad’,N)=
aa’>0, (aa’)(dd’)=mn
0<a’b+b'd<dd’

= (Tonf)(2) = (Tam f)(2) = (Ta(Ton f))(2),

proving the proposition. O

The following lemma will be useful in the proof of Proposition 3.4.

Lemma 3.3. Let f € Mp(I'y(N)), and let p be a prime such that p | N. Then,
p—1 1
_ o (k/2)—1 J
R =0 Ay )
J:

8 2) that we found in Lemma 2.4. By Definition

Proof. Consider the coset representatives o, (

3.1, we have
_ a b
Tpf:p(k‘/Q) IZfHo'a <0 d)]k

Recall the definitions in Lemma 2.4 and substitute n = p. Since p is prime, a > 0, and a | p,
either a = 1 or a = p. Suppose a = p. Since p | N, ged(p, N) > 1, which contradicts the fact that
a was defined to be invertible modulo N. Hence, a = 1. So o, € T'((N) such that o, = (é (1))
(mod N). We can fix o, to be the identity matrix. Then, from p = ad, we have d = p, which in
turn implies b € {0,1,2,...,p — 1}. We conclude that

p—1 .
W

J=0

as desired. O

Proposition 3.4. Let f € M (I'1(N)), and let p be a prime divisor of N. Then, T, f has a Fourier
expansion given by

Tof(2) =Y an(f)d"

In other words, a,(T,f) = any(f).
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Proof. By Lemma 3.3, we have

T,

V() = i) Zf (o 2)

p—1 .
_ _ zZ+7
p!*7? 1E:JOIC/Q(OZ +p)7"f (T)

J=0

. z+7
— plk/2)=1p,k/2 Z f ( )
j=0 b
122 z2+7
S Z f ( ) .
P\ p

AsT = <(1) 1) € I';(N), Remark 2.9 implies that f has a Fourier expansion f(z) =Y > a,(f)q",

where ¢ = €*™#. Then, expressing f as a Fourier series, T, f(2) equals

0o —1
- Z (Z 27rm(Z+J) ) Z <Z an 27rinz/pe27rinj/p> _ Z%ZO (an(f)e%rinz/ppze%rinj/p) )

n=0 j=0

Note that if p | n, e2™/? =1 for all j so that Zp_l e¥mi/P = p_ On the other hand, if p { n, then

627rz'n/p ?é 1 so that zg;é 627rinj/p 11(662;::;//1‘; —0.
Thus,
1 [e’s) p—1
Tpf(Z) _ = <an(f>62ﬂ'inz/p Z 627r7inj/p>
o =0
_ an(f>€27rinz/p
n>0
pln
= Z anp(f)q"
n=0
We’ve shown that a,(T,f) = an,(f). O

Concerning the proof of our main theorem, we only need the following corollary.

Corollary 3.4.1. If f € M5(I'o(4)), then a,(Taf) = asn(f).

Proof. Note that I';(4) C I'g(4) implies Ms(I'g(4)) € M(I'1(4)) by Proposition 2.14. The result
follows from Proposition 3.4 because 2 is a prime divisor of 4. ]

17



Proposition 3.5. Let f € Mi(To(N)) and n € Z*. Considering the Fourier expansions f =
Yomez @m()g™ and T, f =5y am(T0f)q™, for all m € Z, we have

am(Tnf) - Z ak_lanm/az (f)
ged(a,N)=1
a>0, a|ged(m,n)

In particular, ap(Thf) = amn(f) whenever ged(m,n) = 1.
Proof. As in the proof of Proposition 3.2, for f € My(T'o(N)), we have

mne=n (5 o)) =n X ().

god(a,N)= god(a,N)=
a>0, ad=n a>0, ad=n
0<b<d 0<b<d

Since T' € I'y(N), Remark 2.9 shows that expressing f as a Fourier series gives

(Tnf)(z) = l Z (Zk i (an/(f)€27rin'(az+b)/d> — l Z ak i (an/(f)e27rin’az/de2m'n’b/d>
n’=0

n - n
ged(a,N)=1 n/=0 ged(a,N)=1
a>0, ad=n a>0, ad=n

0<b<d 0<b<d

d—1
— 1 k 2min’az/d 2min’b/d
L (e S )

ged(a,N)=1 b=0
a>0, ad=n
n'€Z

Note that if d | n/, e2™?/¢ = 1 for all b so that Y i— e>™"'%/? = d. On the other hand, if d  n/,

then e27"'/d £ 1 5o that ZZ;S p2min'b/d _ Zg;é<62m'n’/d)b _1(emnl/dyd 0.

1—e2min/ /d

Hence, we may only consider the case d|n’. Writing n’ = dm/, we have

1 o
T _ = k , 2mim az) )
(@HE) =~ Y (daagm(f)e
ged(a,N)=1
a>0, ad=n
m/€Z

Substituting d = n/a, this equals

ged(a,N)=1
a>0, a|n
m/€Z

We make a final change of variables m = am’ to obtain

(Tnf)(z) = Z (akilanm/a2 (f)qm) = Z qm Z akilanm/ﬁ(f)
ged(a,N)=1 m=0 ged(a,N)=1
aln, alm a>0, a|ged(m,n)

a>0, meZ
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Hence, for all m € Z, we have

am(Tnf) = Z ak_lanm/aQ(f)'

ged(a,N)=1
a>0, a|gcd(m,n)

(When m < 0, am (T f) = Gnmse2(f) = 0 as both T, f and f are modular forms.)

In particular, when ged(m,n) =1, {a € Z* : a | ged(m,n)} = {1} implies

am(Tof) = 1" a2 (f) = amn(f). 0

Proposition 3.6. The Hecke operator T,, preserves My(T'o(N)).

Proof. First, we’ll show that T}, f is weight-k invariant under I'o(N).

Z € I'o(V), note
that dety =ad —bc =1 (mod N) and ¢ =0 (mod N) imply ad =1 (mod N). Thus, we have

o@D G D66 (A -G e

Since we also have det(y'ay) = det(y™?!) - det(a) - det(y) = 1-n -1 = n, we conclude that
vy lay € A"(N,{1},Z) for all v € To(N). Noticing that T'y(N) = AY(N,{1},Z), these calcula-
tions also show that I'y (V) is normal in T(N).

Let « be a coset representative for I'y(N) in A™(N,{1},Z). For any v =

Suppose 7 'ayT1(N) = v 1a/4T(N) for some o/ € A™(N,{1},Z). Then, there exists a
1 € T1(N) such that ayy; = o’y. Multiplying on the right by 77!, we get ayy;7~! = . Since
['y(N) is normal in To(N), yy17~ € T'1(N) so that al'1(N) = o/T1(N). This shows that o is
another representative for the same coset as a. So if {¢;} is a set of coset representatives for
['1(N), then {y 'a;7} is a set of representatives as well. Thus, by Proposition 2.6 and Proposition
2.7,

@)= (7273 fllagle ) 1h = n @271 Y Al apnle = Tt

as desired.
Next, by Proposition 3.5, we can write T,,f = > ~_ amn (T, f)g™ where

am<Tnf) = Z akilanm/(ﬂ(f)'

ged(a,N)=1
a>0, a|gcd(m,n)

As n € Z7 is fixed and a goes through the elements of a subset of the set of divisors of n,
we always have 1 < a < n so that a*' < n*~1. Furthermore, as T' € I'o(N), f has period 1 by

Remark 2.9 so that Lemma 2.10 implies |apm/a2(f)] < c(nm/a?)" = m” < (en™)m” for some
positive constants ¢ and r. Let N € Z" denote the number of terms in the sum. Then, if we let

C be a new constant such that C' = Nn*~len” > 0, we see that

am (T f) = Z ak_lanm/az(f) < Z nFen")ym" = NnF~ten™m" = Cm",
ged(a,N)=1 ged(a,N)=1
a>0, alged(m,n) a>0, alged(m,n)
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which shows that T,,f € M(I'o(N)) by Lemma 2.10. O

The following is an immediate application of Proposition 2.6 and Proposition 3.6.

Corollary 3.6.1. The Hecke operator T, is a linear operator from My(To(N)) to Mi(To(N)).

Proposition 3.7. For f € M(I'o(N)), T,, commutes with ay = () whenever ged(n, N) = 1.

Proof. Let f € Mip(I'o(N)) € My(I'1(N)). Lemma 2.4 tells us that a,, (which is defined only
when ged(n, N) = 1) form a complete set of coset representatives for I'y(N) in A™(N,{1},Z).
Then, by our definition of 7T}, f and Proposition 2.7, we have

(Tf)llane = 0271 " (fllawsl)lane = n*/2" Zflaabow

a,b

nk/2)- Zf’ —— (8 Z) n(k/2)— Zf‘ o (a b)]k

since fllon]r = f as 0, € FU(N).

On the other hand, Lemma 2.4 also tells us that o, form a complete set of coset

a b
(0
representatives for I'; (V) in A™(N,{1},Z). Note that f|[an]r € Mp(I'o(N)) C Mi(I'1(N)) by
Lemma 2.15. Thus, we have

T3(fllaxle) = o2 S laniolion (i )= sllawen ()= (Tuflfad

as desired. O

4 Main Theorem

In this section, we will prove our main theorem:

Main Theorem (Jacobi’s Four Squares Theorem). For any positive integer n, let a,, denote
the number of ways n can be expressed as a sum of four integral squares. Then,

— {8a(n) forn odd,

240(ng)  form = 2"ng even, ng odd.
As an immediate corollary of our main theorem, we obtain Lagrange’s Theorem:

Corollary (Lagrange’s Four Squares Theorem). FEvery nonnegative integer can be expressed
as a sum of four integral squares.
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Our strategy is to consider a modular form that is the generating series for the number of ways
an integer n can be expressed as a sum of four squares.

We define the theta-function:

5 )
O := g ¢ forzeH, q=e*""7,
nez
and observe that
2 2 2 2 2 2 2 2
@4 — E qm qnz qns qn4 — E qm +n2 +nz +ng® _ E anqn’
n1,n2,n3,N4EL n1,m2,n3,N4EL nez

where a,, is the number of ways n can be written as a sum of four squares. Hence, it will suffice to
confirm our formula for the n'® Fourier coefficient of ©.

Proposition 4.1. ©* € My(T'y(4)).

Proof. First, we show weight-2 invariance under I'y(4). By Proposition 2.13, it suffices to check
weight-2 invariance under the generators —I, T', and ST*S of I'y(4) that we found in Proposition
2.3.

To show invariance under [—I]y, we check that ©%(2)|[—1I], = (—1)720%(z) = ©%(2).

Next, to show invariance under [T]s, we have

@4(2)|[T]2 ( ) 2@4 Z +1 Za e27r1n (z+1) __ Zan 2mwinz 27rm . Zan 2minz _ (Z)

nez neZ nez

Finally, to show invariance under [ST*S]y, we begin by observing that ST4S = }1044T044, which
follows directly from matrix multiplication. Then,

0" (2)[[ST*S)> = 6*(2)|[jauTauls = (O*()| [ 11 [Tl

by Proposition 2.7. Note that ©%(2)|[11], = det(11)2/2(1)720%(32}) = ©*(z). Thus, we have

i i
0% (2)[[ST*S] = ©"(2)[[aaTaalz = ((©%(2)[cual2)|[T]2)[[exal2.
Equation (3.5) on page 124 in [Koblitz (1993)] tells us that
0?|[aq)y = —i©”. (4)
Squaring the left side of equation (4), we get
(©[[oa]1)? = (det (o) /*(42) 710 (a42))? = det () (42) 204 (z) = O*[[ovals.

Squaring the right side of equation (4), we get (—i©?)? = —©*. Thus, we have obtained the
identity
0[] = —O4 (5)
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This means that ©% is an eigenform (with associated eigenvalue —1) of [ay], which will be a useful
piece of information going forward.

Back to our problem at hand, we have
0% (2)|[ST*S]z = ((8*(2)l[ca]2)[T]2)[[ale = ((—=O")[[TT2)|[a]

by equation (5). Since we’ve shown that ©% is invariant under [Ty, this equals —©?|[ay]s, which
is again ©1 by equation (5). We’ve shown that ©%(2)|[ST*S], = ©1(2), as desired.

Next, observe that as negative integers cannot be expressed as a sum of four squares, we can
write

0! = Zanq” = ianq".
nez n=0

Given n € ZT, for n to be expressed as a sum of four squares a? + b? + ¢ + d?, it must be that
—n < a,b,c,d <n (in fact, we could say —/n < a,b,c,d < /n). There are (2n)* possible ways to
select 4 numbers a, b, ¢, d in this range, possibly with repetition, and taking order into account. As
these (2n)* possible selections need not all satisfy a® + b? + ¢® + d*> = n, we see that |a,| < 16n?.
By Lemma 2.10, we conclude that ©* € My(T(4)). O

We’d like to know more about the space My(T(4)) that contains our generating series ©*. We
now find another function in Ms(I'g(4)), which will turn out to form a basis for the space together
with ©%.

Proposition 4.2. The function F' given by F := 5 ... ,0(n)q" lies in My(Io(4)).

Proof. We begin by checking weight-2 invariance under the generators —1I, T, and ST*S of T'g(4).

Invariance under [—1]y is trivial as F(2)|[—1I]y = (=1)72F(z) = F(z). Invariance under [T, is
also easily seen as

F)|[Th=Fz+1)= > o)™ = 3" g(n)e?™ e = > o(n)e”™™ = F(2).

odd n>0 odd n>0 odd n>0

To show invariance under [ST*S]y, we need a few lemmas.

We define the Fisenstein series of weight 2 as follows:

Ey(z) :=1-24) o(n)q".

Lemma 4.3. F(2) = —5;(Es(z) — 3E5(22) + 2E»(42))
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Proof. By our definition of Es(z), we have

Ey(2) — 3E5(22) 4+ 2E5(42) = 1 — 24 (i o(n)e 2’”’”) (1 — 242 4m‘nz)

n=1

+2 (1 —24 i a(n)eS’””Z>
—} ((Z o(n) 2’”’”) 3 <ZO’ 4’”“) + QZa(n)eg”mZ>

n=1 n=1

24((%0( > ( a(n/2)q )—i—Q Z o(n/4)q ) .
n=1 n>0, 2|n n>0, 4|n

Thus, the coefficient of ¢" is given by

—24(o(n) —30(n/2) +20(n/4)) if4d|n,
a, = § —24(o(n) — 30(n/2) if2|nand4{n,
—240(n) if24n.

If 4| n, write n = 2" where 2{r and ¢ > 1. Then,
an = —24(c(2'r) — 30 (2" 1r) + 20(2"72r)).

As o is multiplicative and ged(2,r) = 1, this equals

—240(r)(0(2") — 30(287Y) 4+ 20(2172) = —240(r <Z 2 — 32 2+ QZ 23>
= —240(r ((32 2 — 32 2J> + 20t ot 3(2t—1)) = 0.

If 2| n and 4 1 n, write n = 2r where 2 { r. Then,
a, = —24(0(2r) — 30(r)) = —240(r)(0(2) — 30(1)) = —240(r)(3 — 3) = 0.

We conclude that F/(2) = Y 44 neo 0(n)q" = —55(Ea(2) — 3Ex(22) + 2E,(42)). O

Lemma 4.4. Let g(z) = f(nz) for some integer n, and let v = (¢ %) € SLy(Z). Then, g(z)|[V]x =
f(nz)‘[(c;ln Tib)]k
Proof. We have

P = (St +.0) " 1 (1)

—(cz+d)_kf(n-az+b)

cz+d

(et d g (az+b)

cz+d
= g(2)[[1]k- O
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Lemma 4.5. For all a € Z, FEr(ST~*Sz) = (az + 1)?Ey(2) — “(az + 1).
Proof. By Proposition 7 in [Koblitz (1993)], we have

Ey(ST82) = Ex(S(—a — 1/2)) = Es (_—1> (@t 1/2)2Ea(—a—1/2) + 2(—a—1/2) .

—a—1/z i

Since Esy has period 1, Fo(—a — 1/2) = Ey(—1/z) = Ey(Sz), so

™ ™

~ (az 4+ 1)2Ey(z) + LT 1)* _6laz+1)
, o+ 1)az)

Tz

Eo(STS2) = (a+1/2)? (z2E2(z) + 6—2,) + 5 a1y

= (az + 1)°Ey(2)
— (a2 + 1)2Ea(z) — %(az +1).

By Lemma 4.3 and Lemma 4.4, as well as noting that ST*S = (_41 _01), we have

2P (E)|[ST'S]s = Balo)lIST'S]a — 3B 1429 )la + 2B4)]1( 14 ")

4/4 —1

= Ey(2)|[ST*S)y — 3E5(22)|[ST?S)s + 2E5(42)|[STS)s.

By Lemma 4.5, this is equal to

(élz—il)Q ((—42 +1)%Ey(2) + %(—42 + 1)) — 3@ ((_42 12 Ey(22) + %
+ 2@ <(—4z +1)2Ey(42) + %(—42 + 1))

T TR ) = ﬂ(fi DRl 7r(4?;6i ) w(4i«2i 1)

= —24F(z),

as desired.

We can write F(z) =Y o a,q", where |a,| = a, =0 <1-n? for all even n, and

2 2

for all odd n € Z*. By Lemma 2.10, we conclude that F' € My(I'o(4)).

Proposition 4.6. The set {©* F} is a basis for My(To(4)).

24

(—dz + 1))



Proof. A computation in SAGE shows that M(I'¢(4)) is two-dimensional [SageMath]. It therefore
suffices to show that ©% € My(T'y(4)) and F € My(To(4)) are linearly independent. Suppose
a®(z) = bF(z) for some a,b € C. As z — 400, note that a©*(z) = a(ap(©*)) = a(1) = a and
bF(z) = b(ag(F)) = b(0) = 0 give a = 0. Since F'(z) is not the zero function, b = 0 as well. Hence,
©* and F are linearly independent, and we conclude that {©* F'} is a basis for My(T(4)). O

Remark 4.7. The dimension of My(I'g(4)) can also be calculated by using Theorem 3.5.1 in [Dia~
mond and Shurman (2005)], though this formula is rather complicated and requires the introduction
of new terminology.

Proposition 4.8. T,F = o(n)F for all odd n > 0.

Proof. As F € My(I'y(4)), Corollary 3.4.1 shows that a,(T2F) = ag,(F). Since ag,(F) = 0 for
all n by the definition of I, we conclude that T5F = 0; that is, F' is an eigenform for 75 with
associated eigenvalue 0.

Next, as Ty is a linear operator from M(I'g(4)) to Ms(T'9(4)) by Corollary 3.6.1, we can write
Ty(16F 4+ 0% = 16T, F + T,0* = 0 + T,0* .

We know that F' and ©* span M,(T'y(4)) by Proposition 4.6. Since To0* € My(T'y(4)), we can
write 7501 = a©?* + bF for some a,b € C. And since ©? € My(Ty(4)), we have ao(T20?) = ag(©?)
by Corollary 3.4.1, whereas ao(F') = 0. Hence, a = 1.
Next, we compare the a{! coefficients to see that a;(T20%) = ay(0*) = 24, whereas a;(0*) = 8 and
a;(F) = 1. Thus, we have 8a + 1b = 8 + b = 24, implying b = 16.
We have shown that

To(16F + ©%) = T,0* = 16F + 6% . (6)

Hence, 16F + ©% is an eigenform for T, with associated eigenvalue 1.

For odd n, Proposition 3.2 shows that 7, commutes with 75 as ged(2,n) = 1. This means
T, Tof = ToT,f for all f € My(T'g(4)). Let f be an eigenform of T so that Tof = Ao f for some
Ay € C. Then,

T2(Tnf) = Tn(TZf) = Tn(>\2f) = >\2(Tnf> :

In other words, if f is an eigenform of 75, so is T}, f, and with the same associated eigenvalue.
Since M5(I'o(4)) is two-dimensional and 75 has two distinct eigenvalues 0 and 1, it follows that T,
has two one-dimensional eigenspaces associated with the eigenvalues 0 and 1. Hence, the eigenspace
of Ty associated with A\ is one-dimensional, meaning T,,f = A\, f for some \, € C. We’ve shown
that any eigenform of 75 is also an eigenform of T},, where n is odd.

In particular, since F' is an eigenform for 75, it follows that F' is an eigenform for all 7T, when
n is odd. Then, for a given odd n, T,F = \,F for some constant \,. By Proposition 3.5,
a1 (T, F) = a,(F). We also know that a;(T,F) = a1(AF) = Aai(F), so a,(F) = Ayai(F). This
means

on) =X o(l) =\, . O

Proposition 4.9. 7,,0% = ¢(n)©* for odd n > 0.
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Proof. Let n > 0 be odd. We'll first show that ©* is an eigenform for 7T},. Equation (5) shows that
©*is an eigenform of [oy] with associated eigenvalue —1. Using the identity F(z)|[ay]s = — O+ F
(see Exercise 15(c) in [Koblitz (1993)]), we also have

1
(0% — 32F)|[ay)y = ©%[au)y — 32F|[ay], = —O* — 32 (—1—6@4 + F) =0'-32F

showing that ©% — 32F is another eigenform of [ay] with associated eigenvalue 1.

By Proposition 3.7, ged(n,4) = 1 implies 7, commutes with [ay]. As in the proof of Propo-
sition 4.8, this means that if f is an eigenvector of [ay], so is T, f, and with the same associated
eigenvalue. Furthermore, [ay4] having two distinct eigenvalues implies that any eigenform of [ay] is
also an eigenform of T},. In particular, ©* must be an eigenform of 7.

Next, equation (6) shows that ©* + 16F is an eigenform for T,. Hence, by our proof of
Proposition 4.8, it’s also an eigenform for 7, for all odd n. Thus,

T,(0" + 16F) = \(©" + 16F)
for some A € C. Then,
T,0* + 16T, F = T,,0* + 160(n)F = \0* + 16\ F

= \0* — T,,0* = 160(n)F — 16AF .

Since ©% is an eigenform for 7,,, T,,0* = X'©* for some X € R so that we have
(A= XN)0* =16(a(n) — A\)F .

As ©* and F are linearly independent by Proposition 4.6, we must have A = X and o(n) = \. Tt
follows that A = X' = o(n) and that 7,,0* = o(n)©*. O

4.1 Proof of the Main Theorem
We now have all the pieces needed to complete the proof of our Main Theorem.
By Proposition 3.5, a,(0%) = a,(7,,0") = a,(c(n)0?) = o(n)a;(0©*) = 87(n) when n is odd.

Next, note that when n > 0 is even, a,(0*+16F) = a,(0*)+16a,(F) = a,(©*) since a,,(F) = 0
for all even n by the definition of F. On the other hand, since a,(F) = o(n) for odd n > 0, we
get a,(0* + 16F) = a,(0%) + 160(n) when n is odd. Thus,

a,(0%) if n is even,

7
a,(01) 4+ 160(n) if n is odd. (7)

a, (0" + 16F) = {

Recall that 7,0* = ©% + 16 F by equation (6), and compare this to

an(T2@4) = agn(®4) . (8)
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Claim: a,(©%) = 240(ng) for n = 2"ny with r € Z* and ng odd.

Proof: We will use induction on 7. When r = 1, equation (8) gives us agi,,(0%) = a,, (T20%).
Since T50% = ©1 + 16 F, we have a,,(T20%) = a,,(0* + 16F). From equation (7), we see that this
equals a,,(01) + 160(ng) when ng is odd. Finally, as we have shown that a,,(©*) = 8c(ny), we

have
Aane (©%) = 80 (ng) + 160 (ng) = 240 (ny)

Now, suppose the claim is true for some r € Z*, and consider ayr+1,,(0%). Following the
arguments in our base case, we have

Agri1ng (O1) = Agrpy (ToO?) = a2y (0% + 16F) = agry, (07)
which equals 240 (ng) by our inductive hypothesis, as desired. AN

We’ve obtained the following formula for a,(©%), which is the number of ways n can be ex-
pressed as a sum of four integral squares:

n —

{80(71) for n odd,

240(ng)  for n = 2"ng even, ny odd.
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