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Chapter 2. MOF-5 Background 8

Figure 2.2: Space filling representation of MOF-5 structure. Large pores are rep-
resented as yellow spheres and smaller pores represented as orange. MOF-5 has a
face-centered cubic structure. While the vertices of the unit cell do not correspond to
any atom position, the pores can be thought of as making up the structure either as
a face-centered cubic with large pores in the middle and midpoints of sides and small
pores on the vertices and faces or as an intersecting simple cubic lattice made up of the

two types of pores, similar to NaCl structure. Image Courtesy of Jesse Rowsell.

Figure 2.3: MOF-5 primary metal site. The metal site is at the corner of large pores.
Here hydrogen is equidistant from three Zn atoms and experiences a potential surface

with three-fold symmetry. Image Courtesy of Jesse Rowsell.



Chapter 3

Theory

3.1 Infrared Transitions

Infrared spectroscopy uses infrared light to study a molecule or material. To first ap-

proximation this is the interaction of light with the electric dipole moment, or separation

of charge, of a molecule. It is possible to study interactions with the magnetic dipole

moment and the quadrupole moment but the probability of transitions due to these

effects are 10−5 and 10−8 relative to transitions due to the electric dipole moment [34]

thus negligible.

3.1.1 Transition Probability

The wavelength of infrared light is approximately 7000 - 10,000 Å while the size of a

molecule like hydrogen is only a few Å. Thus the photon can be viewed as a spatially

homogeneous oscillating electric field over the length scale of the molecule:

E = E0cos(ωt)k̂. (3.1)

For simplicity let the photon be polarized along the z direction. The effect of the light

is treated as a perturbation to the Hamiltonian of the hydrogen molecule - which is

either free or in some material potential (following Griffiths ch. 9.1 - 9.2 [35]). Since

the potential energy of a charged particle in an electric field is U = −
∫
F · dr =

−
∫
qE0cos(ωt)dz, the perturbation is:

H ′ = −qE0zcos(ωt). (3.2)

9
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From Griffiths the transition probability from one state to another where the states are

orthonormal (〈ψi|ψf 〉 = δif ) for a perturbation with sinusoidal time dependence is:

Pi→f (t) =
|Vif |2
~2

sin2[(ω0 − ω)t/2]

(ω0 − ω)2
. (3.3)

The sinusoidal term indicates that there is time dependence and that transitions caused

by photons with frequency ω far from the transition frequency ω0 are unlikely. The

constant Vif is defined as:

Vifcos(ωt) = 〈ψi|H ′|ψf 〉 = −E0cos(ωt) 〈ψi|qz|ψf 〉 , (3.4)

where qz is the dipole moment. For molecules it is necessary to sum over all charges of

the molecule. Thus it is apparent that the transition probability is proportional to:

Pi→f ∝
∣∣〈ψi|qz|ψf 〉∣∣2 . (3.5)

Since it is given that the states are orthonormal and i 6= f only transitions that involve

a change in the dipole moment qz are observed since if no change occurs we find that:

〈ψi|qz|ψf 〉 = 0. (3.6)

3.2 Hydrogen Dynamics

Hydrogen is a diatomic molecule that can be thought of as two masses on a spring. The

characteristic motions of hydrogen are vibration, rotation and center of mass translation.

A full picture of the motion is described by six coordinates. The internuclear separation,

ρ, the rotational coordinates θ and φ and the center of mass location X, Y and Z. First

hydrogen will be treated as a simple harmonic oscillator. Then the rotational dynamics

will then be analyzed with the rotating dumbbell model. The anharmonic qualities of

hydrogen and the origin of the overtone transitions are then be explored. Then the

vibrating rotor model will then be introduced. Finally the translational motions will be

described.
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Figure 3.1: The potential experienced by one hydrogen atom in the frame of the other.
The simple harmonic potential, in blue, is a good approximation at small deviations
from equilibrium separation. The Morse potential, in red, describes the anharmonic

motions of diatomic molecules.

3.2.1 Vibrations

3.2.1.1 Simple Harmonic Potential

Any potential U(x) can be Taylor expanded about a local minimum which is a stable

equilibrium (Fig. 3.1). Since neither the potential of hydrogen in the MOF or in the

gas phase is known exactly such approximations are useful. The potential is Taylor

expanded:

U(x) = U(xeq) +
dU

dx

∣∣∣∣
xeq

(x− xeq) +
1

2

d2U

dx2

∣∣∣∣
xeq

(x− xeq)2 + ..., (3.7)

x is the separation of the atoms and xeq is the equilibrium separation. The first term

in the expansion is a constant and can be neglected, the second term is zero since dU
dx is

zero at extrema. The third term is the simple harmonic oscillator potential where the

effective spring constant is defined as k = d2U
dx2

∣∣∣∣
xeq

.

Since the potential is only dependent on the separation of atoms one can freely choose

which frame to solve for the equations of motion. For simplicity the center of mass frame

is chosen. Thus it is appropriate to introduce the reduce mass:

µH2 =
mHmH

mH +mH
=
mH

2
, (3.8)
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The Lagrangian is:

L =
1

2
µẍ− 1

2
k(x− xeq), (3.9)

solving the Euler-Lagrange equation obtains the familiar equations of motion for a simple

harmonic oscillator:

x = Acos(ωt) +BSin(ωt), (3.10)

where the frequency of oscillation ω is equal to
√

k
µ .

The frequencies of oscillations for the various isotopologues scale with the reduced mass:

µD2 =
2mH2mH

2mH + 2mH
= mH = 2µH2 , (3.11)

µHD =
2mHmH

2mH +mH
=

2mH

3
=

4µH2

3
. (3.12)

Since the experimentally observed frequency of hydrogen in the gas phase is about 4161

cm−1 [36] the frequency of deuterium should be about 2942 cm−1 and the frequency

of hydrogen deuteride (HD) about 3604 cm−1. These are slightly different from the

actual values of 2994 cm−1 and 3632 cm−1 [37] but this makes sense given that the

simple harmonic potential is only a first order approximation. Griffiths [35] solves for

the energy levels of the 1 dimensional simple harmonic oscillator to find:

En =

(
n+

1

2

)
~ω (3.13)

where n is the vibrational quantum number, ~ is Planck’s reduced constant and ω is

again the frequency of oscillation.

3.2.1.2 Simple Harmonic Transitions

Infrared spectroscopy is in the correct frequency regime to look at transitions between

different vibrational energy levels of the hydrogen molecules. As shown in section 3.1.1

the intensity of a transition is proportional to
∣∣〈ψi|µ|ψf 〉∣∣2, where ψi is the initial state

of the hydrogen, ψf is the final state and µ is the dipole moment of the system. The

dipole moment is written as a separation of charge, i.e. as a charge, q, times a distance

x:

µ = qx (3.14)
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The distance, x, is rewritten using ladder operators (see Griffiths’ Quantum Mechanics

[35]):

x =

√
~

2mω
(a+ + a−) . (3.15)

a+ψn =
√
n+ 1 ψn+1 (3.16)

a−ψn =
√
n ψn−1 (3.17)

Now it is possible to explore what transitions between hydrogen energy levels are ex-

pected. The hydrogen molecule is very unlikely to be in an excited state before being

perturbed by a photon. According to Maxwell-Boltzmann statistics the probability is:

P = e−∆E/kBT , (3.18)

where kB is Boltzmann’s constant, T is the temperature and ∆E is the difference in

energy between the ground and first vibrational states which is about 4161 cm−1 for

gas phase hydrogen. Thus the probability of being in the first excited state is P =

e−4161×1.44/kBT , which is about 4.5×10−75 at 35 K, our usual experimental temperature.

The factor 1.44 converts from wavenumbers to kelvin. Our experiments occur at low

enough temperatures so that it is appropriate to neglect transitions from states other

than the vibrational ground state.

Consider a vibrational ground to excited state transition whose intensity depends on:

〈ν = 0|qx|ν = n〉 (3.19)

where we have adopted the notation where ν = n stands in for ψn which is the wave-

function of the simple harmonic oscillator in the nth state. We can now rewrite x using

ladder operators:

〈0|q
√

~
2mω

(a+ + a−) |n〉 (3.20)

〈ν = 0|q
√

~
2mω

(√
n+ 1 ν = n+ 1 +

√
n ν = n− 1

)
〉 . (3.21)

We can take the constant out in front and thus get:

q

√
~

2mω

(√
n+ 1 〈ν = 0|ν = n+ 1〉+

√
n 〈ν = 0|ν = n− 1〉

)
. (3.22)
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We know from standard orthogonality conditions that:

〈ν = n|ν = m〉 = δnm (3.23)

thus 〈ν = 0|ν = n+ 1〉 = 0 and 〈ν = 0|ν = n− 1〉 = 1 when n = 1 so Eq. (3.19)

becomes:

〈ν = 0|qx|ν = 1〉 = q

√
~

2mω
(3.24)

and the fundamental is the only visible transition.

Thus the overtone transition 〈ν = 0|qx|ν = 2〉 is zero because of orthogonality. However

overtones are experimentally observed. They are consequences of the deviation of the

hydrogen potential from simple harmonic behavior. This is equivalent to going out to

higher terms in the Taylor expansion (Eq. 3.7).

3.2.1.3 Anharmonic Oscillator

The Dunham expansion is used as an example of an anharmonic potential (for more

details on this expansion refer to ch. 1 of Townes’ Microwave Spectroscopy [38] which

this discussion relies on). This expansion is just a modified version of equation 3.7:

U(ξ) = a0(ξ2 + a1ξ
3 + a2ξ

4 + ....). (3.25)

The first two terms of the Taylor expansion have been neglected as being a constant and

zero. Here ξ is a dimensionless quantity defined as:

ξ =
r − re
re

, (3.26)

where re is the equilibrium separation of a diatomic molecule. When we solve the

Schrödinger equation for this potential we find that the energy levels are:

E(ν, J) = ωe(ν +
1

2
)− ωexe(ν +

1

2
)2 + ωeye(ν +

1

2
)3 + ..., (3.27)

where ωe, ωexe,and ωeye are molecular constants.

The solutions for the vibrational wavefunctions can now be written in terms of the wave

functions of the simple harmonic oscillator, following ref [22].

|ν = 0〉 = |n = 0〉+A(−3 |n = 1〉 − 1

3

√
6 |n = 3〉) (3.28)

+B(−3
√

2 |n = 2〉 − 1

2

√
6 |n = 4〉),
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|ν = 1〉 = |n = 1〉 (3.29)

+A(3 |n = 0〉 − 6
√

2 |n = 2〉 − 2

3

√
6 |n = 4〉)

+B(−5
√

6 |n = 3〉 − 1

2

√
30 |n = 5〉),

|ν = 2〉 = |n = 2〉 (3.30)

+A(6
√

2 |n = 1〉 − 9
√

3 |n = 3〉 − 2

3

√
15 |n = 5〉)

+B(3
√

2 |n = 0〉 − 14
√

3 |n = 4〉 − 3

2

√
10 |n = 6〉).

Here |ν〉 refers to the vibrational eigenstate of the hydrogen molecule and |n〉 refers

to the wavefunction ψn of the simple harmonic oscillator. The constants A and B are

defined as:

A =
1

4
a1

(
Be/ωe

)1/2
(3.31)

B =
1

4
a2

(
Be/ωe

)
(3.32)

Now the existence of overtones can be addressed. The expansion in terms of sim-

ple harmonic oscillator wavefunctions allows the convenient method of ladder opera-

tors to be used. The probability of observing an overtone transition is proportional

to
∣∣〈ν = 0|qx|ν = 2〉

∣∣2. It is obvious that there are terms of the nature: 〈ν|qx|ν ± 1〉
which are nonzero. Now that the wavefunctions are no longer simple harmonic solutions

and instead a mixture of simple harmonic eigenstates there is also a nonzero predicted

intensity for the overtone in anharmonic potentials.

3.2.2 Rotations

3.2.2.1 Rigid Rotor

The rotations of the hydrogen molecule are now considered. As a first approximation

the hydrogen molecule is a rotating dumbbell with no vibrational motion and classical

energy:

Erot =
L2

2I
, (3.33)
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Figure 3.2: Schematic of vibrational and rotational transitions: Q refers to vibrational
transitions associated with changes in the quantum number ν, S refers to rotational
transitions associate with changes in the quantum number J. All numbers refer to
observed frequencies of transition in gas phase hydrogen [15]. Para hydrogen is H2 with
total spin 0 and ortho is H2 with total spin 1. In accordance with infrared selection rules

of molecules in electric fields only transitions where ∆J = 0 or ∆J = 2 are allowed.

where L is the angular momentum of the dumbbell and I is the moment of inertia.

Knowing from quantum mechanics that:

L2fmJ = ~2J(J + 1)fmJ , (3.34)

where J is the rotational quantum number and fmJ is the angular part of the wavefunction

described by a linear combination of spherical harmonics, it is possible to find the energy

levels of the rigid rotor:

EJ = BJ(J + 1). (3.35)

Here B is the rotational constant and is defined in the spectroscopic unit of wavenumbers

cm−1 as:

B =
h

8π2Ic
, (3.36)

where h is Planck’s constant, I is the moment of inertia and c is the speed of light. The

constant BH2 is approximately 60 cm−1 for hydrogen and since the moment of inertia

for diatomic molecules scales as the reduced mass and the separation of the nuclei are

approximately the same for all isotopologues, it is immediately apparent that BD2 ≈ 30

cm−1 and BHD ≈ 45 cm−1. This predicts that pure rotational transitions for H2 are

about 360 cm−1 for J 0→2, 600 cm−1 for J 1→3, thus far out of our range of sensitivity.
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Transitions from excited states, other than J=1 (as described in section 3.4), are again

unlikely to be seen. Boltzmann statistics predicts a probability of being in the J=2

excited level rather than the J=0 level of 6.1 × 10−4 for D2, 1.5 × 10−5 for HD, and

2.7× 10−7 for H2.

3.2.2.2 Vibrating Rotor

Experimentally we observe rotational transitions combined with vibrational transitions.

Thus it is now appropriate to consider the effects of a vibrating and rotating molecule

using a modified version of the Dunham expansion from section 3.2.1.3:

U(ξ) = a0(ξ2 + a1ξ
3 + a2ξ

4 + ....),+Ucd(ξ) (3.37)

where Ucd(ξ) is a correction due to the rotations:

Ucd(ξ) = a04J(J + 1)

(
B

ωe

)2

(1− 2ξ + 3ξ2 − 4ξ3 + ...). (3.38)

It accounts for the modification of the potential the hydrogen experiences based on what

rotational state the molecule is in. The energy levels are also modified to account for

rotational excited states:

E(ν, J) = ωe(ν+
1

2
)−ωexe(ν+

1

2
)2+ωeye(ν+

1

2
)3+...+BeJ(J+1)−αe(ν+

1

2
)J(J+1)+....,

(3.39)

where αe is another molecular constant.

3.2.3 Translational Motion

The one motion we have left to address is the hydrogen translational or center of mass

motion. This is the motion of the whole molecule in three dimensional space described

by the coordinates X, Y, Z. The translational peaks are not a dominating feature in the

MOF-5 spectrum and are weaker in intensity than the vibrational-rotational peaks, but

we include them here for completeness. At each binding site the hydrogen experiences

both an attractive van der Waals term due to dipole-dipole interactions and a repulsive

term that prevents electronic overlap. This term depends on a sum over the whole MOF

structure and thus is complicated and not known well. The combination of the two

terms is commonly approximated using the simple Lennard-Jones potential:

VLJ =
A

R12
− B

R6
, (3.40)
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where R is the distance from the structure to the hydrogen center of mass. However

to get a qualitative sense of the molecular center of mass motion it is sufficient to

approximate the potential as usual as a three dimensional simple harmonic oscillator.

This has the familiar energy levels:

Enx,ny ,nz =

(
nx +

1

2

)
~ωx +

(
ny +

1

2

)
~ωy +

(
nz +

1

2

)
~ωz (3.41)

From previous work in the FitzGerald group, which is consistently with current spectra,

we believe that the dominating translational frequency is 84 cm−1 [15]. As described in

Pierce’s thesis [1] and in ref [2] we believe that the dominating factor in isotopologue

separation is the difference in zero-point energy or lowest possible energy which occurs

when all translational quantum numbers nx, ny, and nz are zero. The zero-point energy

(ZPE) has a 1√
µ dependence where µ is the reduced mass of the molecule resulting

from the frequency dependence. Thus the ZPE scales with isotopologue reduced mass.

Therefore D2 has the lowest zero-point energy and is trapped the most effectively by the

MOF potential. This leads to selectivities for D2 over H2 in the adsorbed phase that

were predicted by FitzGerald et. al. [2] and recently directly measured by Oh et. al. in

the material MOF-74 [3].

3.3 Transition Intensity

In section (3.1) it was stated that infrared spectroscopy uses the interaction of light with

the dipole moment of a molecule. Hydrogen being a symmetric diatomic molecule has

no dipole moment in the gas phase and thus is practically invisible to infrared light.

When the hydrogen is placed into the MOF it becomes visible since the gas-MOF in-

teraction changes the dipole moment of the system (MOF and hydrogen). This occurs

through two mechanisms: the electric field from the MOF induces a dipole moment

in the hydrogen, and the quadrupole moment of the hydrogen induces an extra dipole

moment in the MOF atoms. The first we refer to as the polarizability mechanism, the

second as the quadrupole induction mechanism. The intensity of a given transition de-

pends on the probability of the transition (as shown in section 3.1.1). As state in Eq.

3.5 the probability depends on the mechanism that causes the induced dipole moment.

These mechanisms are explored further in chapter 6.

It is important to note that in this experiment we treat all three isotopologues with the

same theory. HD does possess a small inherent dipole moment but in the case of MOF-5

it appears to be negligible relative to the induced dipole moment as we do not observe

any transitions associated with it.
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3.3.1 Selection Rules

The selection rules of molecules in materials, which are environments with constant

electric fields, differ from the infrared selection rules for free molecules. Standard infrared

selection rules for diatomic molecules are:

∆ν = ±1,±2, ... ∆J = 0,±1, (3.42)

with ∆ν = ±2 and greater usually occurring with low probability [39].

However we regularly observe transitions that violate these rules, particularly pure vi-

brational transitions (∆J = 0), and thus must find an alternative explanation. Our

observed selection rules are:

∆ν = ±1,±2, ... ∆J = 0,±2, (3.43)

which happen to be exactly the selection rules of the two photon Raman process in

which one photon goes in and another comes out (Fig. 3.3). Condon explains this

effect [40]: if the limit is taken that the frequency of one of the photons involved in

Raman spectroscopy goes to zero (or the wavelength goes to∞) a constant electric field

is recovered. For the polarizability mechanism we find it useful to interpret the electric

field from the MOF as a photon of infinite wavelength. It is now possible to proceed

using the theory behind Raman transitions, keeping in mind that instead of an incoming

photon inducing a dipole moment in the molecule the MOF’s electric field does. The

quadrupole mechanism does not follow the same logic. It simply causes rovibrational

transitions, we do not observe a change of ∆J = ±1 since this would require a nuclear

spin to flip which is unlikely to occur in a photon transition.

3.4 Ortho and Para Hydrogen

There are two forms of molecular H2, called ortho and para, depending on whether

the spins of the protons are aligned or anti-aligned. The spins of the electrons can be

neglected since they are in a ‘bonding’ state in molecular hydrogen with a symmetric

spatial wavefunction and an antisymmetric spin wavefunction with total spin equal to

zero [35]. Since protons are fermions their wavefunction must be antisymmetric under

exchange, which is equivalent to a 180◦ rotation of the molecule. The spin of each

proton is 1
2 this means that the total nuclear spin quantum number is either I =1 with

aligned spins or I = 0 with anti-aligned spins. The total nuclear spin forces the total
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Figure 3.3: Schematic of difference between Raman and IR spectroscopy. In infrared
one photon is either absorbed or emitted during a transition from state one to state
two. In Raman one photon excites the system from state one up to some ”virtual”
state and then another photon is emitted as the system relaxes down to state 2. Both
processes recover the information about the spacing of states one and two but with

photons of very different wavelength

orbital angular momentum quantum number J to be either odd if I =1 or even if I =0

to preserve antisymmetry. Transitions caused by infrared light are dominated by effects

due to the electric dipole moment and are thus unlikely to change the nuclear spin of the

protons. It is possible for the magnetic dipole moment to do so but as stated in section

3.1 it is improbable to have transitions due to the magnetic dipole moment and thus

they are neglected. Therefore while the true rotational ground state is J=0, I =0 many

of the hydrogen molecules are trapped in the J=1, I =1 state even at low temperatures

as in this experiment. However conversion is possible and as described in section 5.4 is

observed in this experiment. In solid H2 the rate of conversion is about 1.9%/hr [41], in

gas phase the rate is much much slower [42]. The equilibrium ratio of ortho to para H2

is dependent on temperature. At room temperature there is a predicted 3:1 ratio for H2

[41], which will be the ratio exposed to the MOF-5 upon gas loading but not necessarily

the initial ratio in the adsorbed phase.

Deuterium is slightly different since the nuclei are made up of a proton and a neutron the

nuclear spin is 1. Thus they are bosons and must be symmetric under exchange. This

causes either I = 0 with J = 1, or I = 1 with J = 0. In deuterium the equilibrium ratio

at room temperature is 2:1, I = 0 to I =1 [41]. To avoid ambiguity we will not use the

terms ortho and para when referring to D2 as ortho refers to the more common species

at room temperature which in D2 is J=0. At low temperature there is still expected

conversion in solid deuterium but with a smaller rate of 0.060 %/hr [41].


