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1 Introduction

Dedekind sums are defined [16, p. 1] as follows for integers a, b with b > 1:

o= 3 G)(F)

where for x € R the sawtooth function is defined as

((m)):{o 1 =/

r— |r] —5 otherwise.

0.5
=0

—0.5

In this paper, we will explore the origins, applications, and properties of these sums and
one of their generalizations. We seek to explain what these sums represent and how they
behave by exploring some of their arithmetic properties. In addition, we hope to show the
reader why one should care about these sums. We do this by presenting two important areas
in which these sums appear: number theory and the study of enumerating lattice points
inside of polytopes. While these are two of the most prominent areas in which Dedekind
sums appear, they are by no means the only ones. Dedekind sums appear in areas as diverse
as computer science [10], topology [9], geometry [2], and many others.

The first section explores the arithmetic properties of Dedekind sums. We start by
showing some basic properties which help us understand the nature of the sums as a function
of two integers or one rational number. We then state the reciprocity theorem which sits
at the heart of understanding the sums. Using this reciprocity theorem, we show a deep
connection to continued fractions and the Euclidean algorithm, before finishing with another
application of the reciprocity theorem which adds insight into the behavior of the sums.

In the second section, we motivate Dedekind sums with applications and connections
to two different areas of mathematics. First, we explore the connection with various num-
ber theory topics, including the theory of quadratic residues and the Dedekind 7 function
which is the origin of Dedekind sums. Secondly, we show how Dedekind sums and a nat-
ural generalization, the Fourier-Dedekind sums, are key in counting lattice points inside of
polytopes.

We conclude by exploring some recent efforts to answer open questions about specific
values of Dedekind sums.

1.1 Fundamental Properies

We start by stating the following elementary and useful proposition.

Proposition 1.



(i) s(—a,b) = —s(a,b)
(ii) If a = @’ (mod b) then s(a,b) = s(a’,b)
(iii) If aa’ =1 (mod b), then s(a,b) = s(da’,b).

Proof. (from [16, p. 26]') (i) and (ii) follow from the oddness and periodicity of the sawtooth
function. We can see (iii) through the following simple computation. Since o’ is relatively
prime to b, multiplying {0,1,2,...,b — 1} by a’ just permutes these so we can replace k with

- 2 ) ()=

Note that (ii) shows that s(a, b) is periodic in @ with period b. This periodicity is very similar
to the periodicity of the greatest common divisor function. We will see that there are many
similarities between these two functions.

It turns out that for b prime, the above relations (ii) and (iii) have a converse. Namely,
if s(a,b) = s(a’,b) then either a = o’ (mod p) or aa’ =1 (mod p) [4, p. 162]. We will later
discuss this and the interesting ways that the converse fails for composite moduli, b.

Now, we state a useful lemma about the sawtooth function.

O

Lemma 1. For any z € R, Y0} ((22)) = ((2)).

Proof. (from [16]) We consider the function D(x) = Z;B ((2)) — ((z)). We know D(z +

m) = D(x) for integers m since ((x + m)) = ((x)) and replacing = by = +m in (((k + x)/b))
just shifts the index of the sum and leaves the total sum unchanged. So, we restrict 0 < x < 1.

When z = 0,
v -5 () -2

!During much of this honors project and resulting paper, the Carus Mathematical Monographs on
Dedekind Sums by Hans Rademacher and Emil Grosswald [16] served as a guide. Since it was published in
1972 following the death of Professor Redamacher, the knowledge about Dedekind sums has been greatly
expanded. In this paper, we seek to both highlight what we find to be the most interesting parts of this
book while extending the theory to include the more modern results and rich avenues of research that have
followed.
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When 0 < z < 1, we write D(0) = Y=, o, ((E2)) — ((z)). Similar to above, we pick

representatives k for each of the residue classes mod b such that 0 < k% < 1. Then we have

b—1
ktz 1 N bb—1) b b 1 b—1 b1
D(0) = I Y S zb_b_ . 1_b4=1 b-1_,
(0) ;( b 2) <x 2) % T 2 TTaT 5~

[]

We can use Lemma 1 to simplify Dedekind sums further with the following slightly
surprising result.

Proposition 2. For any integer m > 0, s(am, bm) = s(a, b).

This shows that for rational numbers z = ¢ we can define the Dedekind sum s(x) = s(a, b)
without worrying about how the fraction x is expressed.

Proof. (from [17]) In the following sum, express k = ab+ 5 with «, 5 integers and 0 < 5 < b.
Then we have

(=)

(2) s by Lemma 1

]

With this basic understanding of the behavior of Dedekind sums, we can state the pre-
viously mentioned reciprocity theorem.

Theorem 1. [Dedekind reciprocity] Let a and b be coprime integers. Then
1 1 /a b 1
b ba)=—+—|-+-+—=].
s(a,b) + s(b, a) 4+12<b+a+ab)
There are many proofs of this including those using elementary methods, those using

analytic methods, one peculiar one using Stieltjes integrals, and two that we will see later
in this paper (see e.g. [1, p. 62|, [4, p. 153], [16]).



One important result of Theorem 1, along with Proposition 1, is that Dedekind sums
can be computed using the Euclidean algorithm in the same way that the greatest common
divisor is calculated. We know that this runs quickly (O(log(b)) for calculating s(a,b) [4, p.
7]). In the next section, we will see how this idea can be exploited to find a representation
of the Dedekind sum in terms of continued fractions.

Theorem 1 is central to the study and use of Dedekind sums. Although it is still widely
used, it has been generalized many times. The most cited one is the following three term
relation due to Redemacher [15].

Theorem 2. Let a,b and ¢ be pairwise coprime integers and let a/,b" and ¢ be such that
aa’ =1 (mod be),bb' =1 (mod ac),cd =1 (mod ab). Then

1 1 [a b c
/ / / _ = - “ e
(b’ a) + sled’, b) + s(a¥’, c) = 11 <bc+ac+ab)‘

We say that this is a generalization since letting ¢ = 1 gives Theorem 1. In addition, as
recently as 2015, Xiaoying Du And Lei Zhang [5] found another reciprocity formula and
proved it using analytic methods and Dirichlet L-functions.

Theorem 3. Let a,b be coprime integers with aa’ =1 (mod b) and bV’ =1 (mod a).

a?+b0*+4 1
12(s(20 2a',0) = ———— — ~.
(5( 70’)+S< a’? )) 24ab 4
Theorems 2 and 3 are just two of many similar results which appear regularly in the literature.
The ubiquity of these sorts of identities demonstrate the surprising symmetry that Dedekind
sums have. These relations are often very helpful when working with Dedekind sums.

We have seen that s(a, b) is periodic in the first term with period b. Another implication
of Theorem 1 shows that s(a,b) is roughly linear with periodic (with period a) fluctuations
in the second term. Specifically, we have the following proposition which does not seem to
appear in the literature.

Proposition 3. For fixed a > 0 and b > a, write b = aq + r with 0 < r < a. Let d = (a,b).
Then we have

2, 1
_ ¢ _ard
s(a,b) = s(a,r) + 12 et ) (1)

In particular, for all b > 1,

s(a,b) — s(a,r) — 1% < % 2)

Proof. Let a = d’d,b = Vd,r = r'd so V/ = d’¢+ r'. This means (a’,V/) = (a’,7") = 1.



Applying Theorem 1 and Proposition 2 each twice, we get

s(a,b) = s(a’', 7" + qa’)

(' + qd,d) 1+1 a +r’+qa’+ 1
= —s(r a,d)— =+ -—
9 4 12 \r' +qgd a a'(r' + qa’)
1 1 a r 1
— ron 1 L
s(r, ') 4+12 (r’—l—qa’ a 9 a’(r’+qa’))

q a’ + d?
12 12r(at D)

To see the bound in (2), observe two cases. If 1 < b < a, then s(a,b) = s(a,r) and ¢ =0
so it holds trivially. When b > a, (1) gives

2a?

a® + d?
12r(a+ %)

< =
~— 12a 6

s(a,b) — s(a,r) — 1%‘ _

sincedﬁa,eranda+§2a.
O

Note that this bound is at least somewhat tight. For example, when b = a + 1 and a is
relatively large,
a’ + d? _a
127‘((1 + a) 12

We can also see this linearity in b in another way. In particular it is not hard [1, p. 62] to
calculate directly that

_0-1b-2)
s(1,6) = =5
_(b-1)(b—5)
5(2,6) = —— . (for odd b)

Proving these can be done easily using Theorem 1.

This concludes our discussion of the fundamental properties of Dedekind sums. We have
seen that Dedekind sums can be thought of as either a function of a single rational number,
or as a periodic function of two integers. In the next section, we will use these ideas to
explicitly show the connection between the Euclidean algorithm and evaluating Dedekind
sums.



1.2 What Values do Dedekind Sums Take?

In [16, p. 28], it is left as an open question whether the following 2 theorems (which have
since been proved) are true.

Theorem 4. The set {s(a,b) : a,b € Z} is dense in R.

Theorem 5. The set
{(%,s(a,b)> cR*:a,bcZ,b# 0},

the graph of Dedekind sums, is dense in R?.

In this section, we present the work of Dean Hickerson which proves these two theorems,
while shedding more insight onto how Dedekind sums act through a connection to continued
fractions. Clearly, Theorem 5 implies Theorem 4 so we will just prove the former.

For a brief introduction to continued fractions, we follow [14, chapter 7]. First, we apply
the Euclidean algorithm for wug, u; relatively prime.

Uy = U1Gg + Uy

Ul = U0y + U3

Uj—1 = UjGj—i + Uj41

Uj = Uj4105.

with u; > ug > ..., u;41 and a; > 0 for all ¢ > 1. Letting ¢; = uf‘il and re-writing each
equation from the Euclidean algorithm, we see that (; = a; + ﬁ

gives

So, putting them together

G 41 +
_— = = Q — = Q
Uy 0 1 <.1 1 CLQ‘{’C%

This can be extended in the natural way. We let (ao, a1, ..., a;) denote this simple continued
fraction.

One can see that for a; > 0 and ¢ > 1, these simple continued fractions uniquely determine
all rational numbers [14]. Now, we show how Hickerson uses the simple continued fraction
decomposition of £ with (h, k) = 1 to compute s(h, k).

Theorem 6. [7] Let (aq,...,a,) be a simple finite continued fraction. Then,
-1+ (=1)" 1
st a) = T (0 a, e+ ()0 m) o e (21 a)

(4)

Proof. We proceed by induction on 7.
When r = 0, the LHS of (4) is s({ao)) = s (%) = 0. And, the right hand side of (4) is
also 0.



Now, assume that (4) holds for » — 1 for » > 1. Since s(z) has period one, we have
s({ao, ..., a;)) = s(ap+(0,a1...,a,)) = s({0,...,a.)). Now, let £ = (0,...,q,) with (h, k) =
1. Theorem 1 gives

1 1 1 1 1
Oay...,a))=——+—(©,. . e\t —" s
S(<’a1 ’a>) 4+12 (< a>+<07a17"'7ar>+hk) S(<07a17"'7a7">>
1 1 1
s((0,a1...,a,)) = 2t 13 ((O,...,ar>+<a1,...,ar>+%> —s({ay,...,a))
Since T a0 = (x1,...,2,) by the construction of continued fractions. Now we apply the
induction hypothesis to get
1 1 1 —1+(=1)"!
s(((),al...,ar>):—1+§ ((O,...,ar>—l—(al,...,ar)—i—%) —+
1
— o5 (0, a) + (1) (0,ar, s az) bz —az o+ (1))
14 (=1 r—1 1 1
= _++E ((O,al,...,ar)JrE+a1+<0,a2,...,ar))
1
12 ((0,as,...,a,y + (—=1)"(0,a,...,a2) +as —ag+ - -+ (—1)"a,)
1+ (=11 1 )
:_++E ((O,al,...,ar>+%+(—1) 10, ay,, ..., a9)
+a; —az+...(—1)""a,)
So, now it just remains to show that (0,a,,...,a;) = (0,a.,...,a2) + (7}3,:“
Let b; = a,41—;. Then, we need to show that
(0,b b,) = (0,b by_1) = (=™ (5)
sy Uly e ooy Up/ — s ULy« - oy Ur—1/ — hk .

Note that % —{0,a1,...,a.) =(0,b.,...,b1).
Now, let the convergents (as defined in [14]) to (0, b1, .. ., b,) be given by % s0 (0, by, ..., b;) =
% So, in particular, (0,by,...,b,) =% and (0,by,...,b_1) = =2,
We claim [14, Section 7.3] that kf—jl = (b, ...,bi) which is the same as (a1,...,a,) = £.
So we have that k£ = k, and h = k,_; since both of these fractions are reduced.

So, (5) becomes Z—; — % = % This result about the difference between successive
convergents is well known (e.g. [14, p. 330]) which completes the proof. O

This shows that the Dedekind sum depends heavily on the late terms in the continued
fraction decomposition. So, while these late terms don’t affect the value % much, they do
have a significant effect on s(h, k). This is illustrated well in the following proof.

Proof of Theorem 5. (from [7]) Let (z,y) € R? and € > 0 be chosen arbitrarily. We need to
find a rational number % € (Q such that

h
$—E‘+|y—8<h,k)|<6. (6)

7



We can assume that z is irrational and y is rational. As shown in [14], every irrational = has
an infinite simple continued fraction which we denote (b, by, .. .).

Now, for any positive integer s and any real o > 0, we look at the sth convergent to x.
By the triangle inequality and some manipulation we have

|$— <bo,b1,...,bS,1,OZ>’ S |Q? — <b0,b1,...,b3,1>‘ -+ |<b0,b1,...,b3,1> — <b0,b1,...,bs,1,()(>|

B hs—1 he—1  ahg_1+ hs_s

. kg1 * ks B aks_ 1+ ke

. ho_1 n hs—1(aks—1 + ks—2) — ke—1(aths—1 + hy_s)
kg1 ks—1(oks—1 + ks—2)

] Btk — Beihass

-7 ks_1 * koo1(oks—1 + ky_)

B hs_1 1

- ks_1 * ko1(aks—1 + ks—2)

< l|r— 1 + L .

- ks—1 ks_1ks_o

As s — oo, the convergents go to 0 while k,_; and ks 5 — oo. Since there is no «
dependence in the last expression above, we can find an s such that for all a > 0,

|z — (b, b1, ..., bs—1,0)] < /2. (7)

Similarly x—12y is irrational so we may find an infinite simple continued fraction x—12y =
(do,dy ...) and we may find a large positive integer ¢ such that

‘$—12y—<d0,d1,...,bt,1,04>’ < E. (8)

Clearly, we can find such a pair s,t such that s+t is even. Now find positive integers m
and n such that

b1 — bg 4+ 4+ (—1)8135,1 + (—1)5+1m + (-1)87171 + (—1)t71dt,1 4+ = d1 = bo — do.

Now, define % = (bo,b1,...,bs_1,m,n,d;_1,...,dy). The total number of integers in this
continued fraction is 1 4+ ¢ + s + 2 which is odd for t 4+ s even so we have by Theorem 6,

h 1
S (E) = E <0,b1, e >bsfl>m7n7 dtfl, e >d1> - <O,d1, Ce ,dt,l,n,m, bsfl, e ,b1>

(%) (+4)

b —bet 4 (1) + (=) m + (=D 2n 4+ (=1)"dy + ... dy

J

~~

(k)

By (7), we can write (%) = x — by + ¢; with |6;] < e. Similarly, by (8), we can write
(%%) = & — 12y — dp + 2 with |62| < e. And by design (* * x) = by — dy so, putting these all



together gives
h 1
s (E) =y+ E((Sl — 02)

s (3)1e2

Also, by (7), we have |z — | < £/2 which gives (6) which concludes the proof. O

While this was the first result showing the connection between continued fractions and
Dedekind sums, since then more pleasing formulas have been found. While Hickerson in
Theorem 6 focuses on the quotients in the Euclidean algorithm, here is one from Apostol
which instead focuses on the remainders.

Theorem 7. [1, p. 72-73] Let, as above in (3), 0 < uyp < uy and ug, us, ..., u;4+1 be the series
of remainders from the Euclidean algorithm for ug and u;. Then
1 o w4t +1 (-1)"+1
) = — -1 J+17J J - )
) =553 (it ) -

This concludes our discussion of the fundamental arithmetic results about Dedekind
sums. Using these results, we have a good understanding of how the Dedekind sum behaves
and how to efficiently compute them. In addition, we have seen how they depend on the
continued fraction, which encodes interesting information about the relationship between two
arguments. We will see this again in the next section. Now, we look at exciting applications
and connections to number theory and lattice point enumeration.

2 Connections to Other Fields

2.1 Connections to Number Theory

In 1877, Dedekind [1] defined the following function for r € H ={z =2+ iy € C:y > 0}

o0

77(7) _ eﬂ*i‘r/lQ H(l . 62m'n7'>.

n=1

For 7 in the upper half plane, |e*™7| < 1 so the infinite product converges uniformly to
non-zero values. Since this convergence is uniform, 7(7) is an analytic function where it’s
defined. Now, let

I'= {(Z Z) :ad—bc:l,a,b,c,deZ}/{il}

be the special linear group PSLy(7Z), sometimes called the modular group [18, p. 591].
Now, we briefly show that as usual, the composition of the modular transformation works

well under matrix multiplication. Specifically, if - tiz) b bl fen e then the
Q21 G22 bar baa| [Co1 cCo2

9



map 7 — H1TH2 jg the same as the composition of the map 7 — T2 composed with
a217+a22 bo17+b22

T — Ttz Tydeed
c21T+C22

c117+C12

bll <C21T+C22> + b12 - b116117‘ + 511612 + b120217‘ + b12622
Doy (m) + oy ba1c11T + barcia + baaCor T + bagcoo

C21T+C22

_ (b11c11 + b12c21)T + (br1c12 + b1acas) _ aurt + a9
(b21011 + boaCor )T + (ba1c12 + boaca) a1 T + Aoy

Dedekind studied the logarithm of n(7). Since n(7) is always non-zero, we take the
principle branch of the logarithm of n and we obtain

IOg’I’] _ ,/TZT Z Z 27rz'7'm7“. (9)

mlrl

Dedekind then proved the following:

Theorem 8. For [Z Z] e I', and ¢ > 0 we have

at + b cT+d a+d .
logn(CT+d> =logn(t) + —log( : )—Hm 50 — mis(d, c)

where the function s(d, ¢) is the Dedekind sum.

For a proof, see [8]. In fact, this transformation formula is the origin of the Dedekind sum.
By substituting different elements of I' into this equation, Dedekind used this expression to
prove Theorem 1 as follows.

Proof of Theorem 1. (From [16].) By simple matrix multiplication, we can see that

i ) m

We use this to obtain two expressions for logn (bT a) First we do this directly using (8):

br —a 1 dr —c b—c ,
logn(dT—_C>:logn() §log( - )—l—m 5d (—c,d). (11)

Now we compute

0—1 1 T 0
logn(—1/7) =logn (T——H)> = logn(t) + 5 log ( > + mﬁ — 7is(0,1)

10



Then, using (10), we have

log 7 (ZZ:Z) = logn (%)

zlogn(—l/T)—i-%log d 1/T)+d) a_gc — mis(d, c)

= logn(T) + %log <€) + % log (_C/Z * d) i —;Cd — mis(d, c)

= logn(T) + %log <§> + % log <T(_cé;— i d)) ialgc — mis(d, c)

= logn(T) + %log (%) + % log <_C;d7)) i a;;cd — mis(d, c)

= logn(7) + %log (g) + % log (¢ — d7)) + m'&l—gcd — mis(d, c) (12)

Now we compare (11) and (12) to get

mi(s(d,c) — s(—c,d)) = % (a —Z @b ; C) + %log (27'_—57(—:2)
_m (ad+d2 bc+02) N llog(—z)
12 cd 2
- (C—l+f+ ad_bc) + Log(—i)
12\c¢ d cd 2
= ﬂ (g+g+i) +110g(_2>
1 c d cd 2

On this branch of the logarithm, log(—i) = —% and by Proposition 1 (1), s(—c,d) = s(c,d)

so we get s(d,c) + s(c,d) = & (¢4 < + L) — 1 as desired. O
This proof does not immediately seem to shed much insight on why Dedekind sums obey

this reciprocity law. However, we see here another connection between Dedekind sums and
the Euclidean algorithm. We know that

R

generate PSLy(Z) [18, p. 594]. In addition, it easy to see that logn(T + 1) = logn(r) + .
With more work, one can show that logn(—1/7) = logn(7) + 3 log (Z) (this is used in the
proof of (8)). As is outlined in [19], expressing elements of I' in terms of these generators
is intimately connected to the Euclidean algorithm and continued fraction decompositions.
The fact that the Dedekind Sum appears as the left-over piece in (8) demonstrates this
connection.

Now we shift our attention to another area of number theory where Dedekind sums
appear, namely quadratic reciprocity and the Jacobi symbol. First, we define, for p prime

and a is an integer,
a —
(—) =q"7 (mod p).
p

11



Equivalently,

1 a is a qudratic residue
(a/p) =4 —1 ais a qudratic non-residue
0 pla.

Extending this to odd composite b = p;...py, where the p; are prime and (a,b) = 1, we

define the Jacobi symbol to be
a a
(5)-TI(%).

Then, we have the following theorem first proved by Dedekind.
Theorem 9. [16] For b odd and (a,b) = 1,

12bs(a,b) =b+1—2 (%) (mod 8).

We will need the following lemma, which hints at the connection between the Legendre
(and Jacobi) symbol and the sequence a, 2a, ..., (b— 1)a that appears in the Dedekind sum
formula.

b—1
Lemma 2. Let m = 3,2, [%%]|. Then

(&)

Although we don’t give a full proof of this here, here is a brief outline from [16]. Tt
relies on Gauss’ criterion which is as follows: if b is an odd prime and (a,b) = 1, then
(a/b) = (—=1)™ where m is the number of least positive remainders larger than /2 in the

sequence
b—1
a,2a,..., 5 (mod b).

This can be generalized for the case where b is not prime, but merely positive and odd (see
3]). Then, one just needs to show that |2%¢] is odd if and only if ka is greater than b/2
when reduced mod b. A full proof of Lemma 2 can be found in [17].

Proof of Theorem 9. (from [16]) We start by directly computing

wn=S () (5)
CHE ()

N’
=0 by Lemma 1

12bs(a, b) = 2a(b — 1)(2b — 1) — 12 i k {%J —3b(b— 1)

12



We now look at this expression mod 8. As b is odd, b =1 mod 8 so this becomes

12bs(a, b) = 2a(3 — 3b) — 3(1 — b) — 42/@ LakJ

=T

= (6a —3)(1 —b) — 4T (mod 8). (13)

To determine this mod 8, we need to find 7" mod 2. Therefore, we can disregard the terms
where k£ is even as those do not change the parity of the sum. So, for the odd terms, write
k =2v — 1 and we have

o

—1

~
Il

2o |21

{ 2U_1J (mod 2).

This sum of the odd k terms can be obtained by taking all the terms and subtracting off the
even terms to get

”M S agl

b—1
b—1 3

=N |9k ~ | 2ka (mod 2)
= g 2 E 2 .
k=1 k=1
The second term is m from Lemma 2 which means that m = %((%) — 1) mod 2. The first

term of this is not hard to handle. Indeed, since (a,b) = 1, as k runs through the non-zero
residues mod b, so does ak so we get

b—1 b—1 b—1

Z;VkJ Zabk {%}:a(bgl) B %:a(bgl) _b;l _ (b_1)2(a_1)

k=1 1

b
Il

where {z} =z — |z].
Putting these facts into (13) gives

12bs(a, b) = (6a — 3)(1 — b) — 2 <(a— D(b—1)+ (%) - 1)
:(6a—3)(1—b)—|—2(a—1)(1—b)—2<%> +2
:(Sa—5)(1—b)—2<%>+2
E_5+5b—2(%> +2
:4(b—1)+b+1+2(%)
=b+1+2 (%) (mod 8). (since b — 1 is even)

O
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This nice connection between the Jacobi symbol and Dedekind sums allows us to see
a connection between Dedekind reciprocity and quadratic reciprocity. In particular, using
Dedekind reciprocity, quadratic reciprocity is an easy corollary as follows.

Corollary 1 (Quadratic Reciprocity for the Jacobi symbol). For odd coprime a,b

SIOREE

Proof. Dedekind reciprocity states that for (a,b) = 1, we have s(a,b) + s(b,a) = —1 +
L (% + 2+ L), Multiplying by 12b we get

—3ab + a® + b* + 1 = 12ab(s(a, b) + s(b, a))

_ab+a—2a<b>+ba+b—2b <2> (Theorem 9)
Q[a ( )]_5ab~|—5—|—a+b (mod 8) (14)
since a> =b* =1 (mod 8). If a = b =3 (mod 4), then mod 4, (14) becomes

2{— ()]zl+1—1—1—0 (mod 4)

s0 (2) + (2) =0 (mod 2) which means that (%)(2) = —1 since (%), (2) € {1,-1}. And, in
this case (—1)“z 'z = —1 so it works.

On the other hand, now suppose a = 1 or b = 1 (mod 4). We assume without loss of
generality that b =1 (mod 4) so we write b = 4m + 1. Then, (14) becomes

b
2a<%>+2(—) =ba(dm+1)+5+a+4m+1
a

=4am+4m —2a —2 (mod 8)
=2(2m — 1)(a + 1)

We reduce to looking at this mod 4:
a(g)—l— b =(2m—1)(a+1)
b a

=—(a+1) (since a is odd, 2(a+1) =0 (mod 4))

a [(%) + 1] F14 <b> =0 (mod 4). (15)

If a = —1 (mod 4), then (15) becomes (%) = (2) (mod 4).
4

If a =1 (mod 4), then (¢) + (%) = j:2b (mod 4). In either case, since (%) and (2) only
take on the values -1 or 1, (4) = (2) so (%) (2) = 1. And, in this case (—1)z " =1so it
works. ]



Theorems such as Theorem 9 which seek to understand Dedekind sum values modulo a
certain number have appeared and continue to appear frequently in the literature. In fact,
Apostol explains in his book on Modular Functions and Dirichlet Series that understanding
the arithmetical nature of Dedekind sums is often important for understanding modular
functions. In particular, the following theorem, which we don’t prove, plays an important
role in studying the invariance of modular functions under certain modular transformations

[1].

Theorem 10. Let ¢ = 3,5,7, or 13 and let r = (12741. Given integers a, b, ¢, d with ad —bc = 1
such that ¢ = ¢;q with ¢; > 0 the following is an even integer
a+d a+d

e Slwa) - ——

s(a,c) —

We finish this section by noting that in 2018, Kohnen [11] published a proof using Dirich-
let’s theorem on primes in arithmetic progressions along with quadratic reciprocity to give
another proof of Theorem 4 about the density of Dedekind sums on the real line. This proof
is much shorter than the one given by Hickerson [7] and doesn’t use continued fractions. Here
we see that powerful number theory tools are being used to prove things about Dedekind
sums, demonstrating again the tight connection between Dedekind sums and number theory.

2.2 Connections to Integer Lattice Point Enumeration in Poly-
topes

We will now present a connection between Dedekind sums and counting lattice points inside
of rational polytopes. This is a rich subject that has been explored deeply (see for example
4]).

We start with a classical connection from [16]. Namely, we first give another proof of
Theorem 1, by counting integer points in a certain three-dimensional parallelepiped. As
noted in [16], there are proofs of quadratic reciprocity involving counting integer points in
the plane, so this is a nice higher dimensional analogue, showing how Dedekind sums are in
some sense a generalization of the Jacobi symbol.

Proof of Theorem 1. (from [16])

This proof is not short and requires some complex but unenlightening computations. So,
we omit some. The full proof can be fonud in [16]. In particular, we assume the following
equation:

S LE| 5] = s5ta— 06— )ab+atb+1) (16)

In addition, by applying Lemma 1 and doing some manipulation we can see that Theorem
1 is equivalent to

12ab§k {%J + 12b§v V%’J —(a—1)(b—1)(8ab—a—b—1) (17)
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so we prove this.
We now proceed by counting the integer points in the orthogonal parallelepiped ABCDEFGH

(see Figure 1) with side length ab between A and FE, side length a between A and D, and
side length b between A and B. Divide the parallelepiped into three pyramids with planes

AFG, ACG, and AGH.

r
H G
I
1
1
! F
e
ab,
I
1
1
v H
I
D )
! /C
T .
1 .
I
B
AV k

Figure 1: Parallelepiped ABCDEFGH [16]

We will count the number of integer lattice points inside of the parallelepiped in two ways.
First, we know that it is (h — 1)(k — 1)(hk — 1).

Now, we use our planes and pyramids to count this number again. Since (a,b) = 1, the
interior of the line between A and C' contains no lattice points. Therefore, the plane ACG
which lies entirely above this line, must contain no lattice points in its interior.

However the planes AFG and AGH do. Projecting the lattice points down onto the plane
ABCD, we sece that there are (a — 1)(b—1). This is because there are clearly (a —1)(b—1)
lattice points in the plane ABCD and this projection is a bijection. In other words, if we
have a lattice point in AFG or AGH, then it’s projection onto ABC'D will give a lattice
point there. Conversely, every lattice point in ABCD, when projected up onto AFG and
AGH, gives a lattice point since the planes have an integer slope.

Now consider the two pyramids A(BFGC') and A(DCGH). We can count the lattice points
in these pyramids by looking at planes parallel to their bases.

In A(BFGC) the rectangle in the plane at distance k € Z from A has base ak/b and height
ka. Therefore, it has L%J ka lattice points on its interior. Summing these together, we see

that the interior of A(BFGC') has a 22;11 b | % | lattice points when counting the boundaries
of the pyramid on the interior of the parallelepiped but not those on the boundary of the
parallelepiped. Similarly, there are k'zz;} v \_%’J lattice points in the pyramid A(DCGC')
again counting only those lattice points on the interior of the parallelepiped.

Finally, we must count the number of lattice points in the pyramid A(EFGH). To do
this, we consider the planes parallel to FF'GH and see that the number of lattice points is
th*l LZJ LZJ since for each r € Z, the number of lattice points in the square is [£J L%J,

r=1 b
again counting only those lattice points on the interior of the parallelepiped.

16



Now, except for counting the (¢ — 1)(b — 1) points in the planes AGH and AFG twice,
we have counted all of the lattice points on the interior of the parallelepiped. Putting this
together gives

bgfu {%’J +a§k {%J + ; EJ EJ —la—1)b-1)=(a—1)(b—1)(ab—1)

Using (16), multiplying by 12, and rearranging shows (17) and concludes the proof:

b—1 ak a—1 bu
12a) "k LWJ +120) v bJ =12ab(a—1)(b—1) — (a — 1)(b—1)(4ab+a + b+ 1)
k=1 v=1
=(a—1)(b—1)8ab—a—b—1).
O

We shift from using integer point enumeration to prove things about Dedekind sums to
realizing that Dedekind sums and their generalization, Fourier-Dedekind sums, play a pivotal
role in enabling us to systematically count integer points in polytopes.

As we have seen, there are many similarities and connections between the Dedekind sum
and the greatest common divisor function. Here, we see that in many ways the Dedekind
sum is a higher dimensional analogue to the GCD.

We start with the simple problem of counting integer points in integer vertex triangles.
We restrict our attention to finding the number of integer lattice points in the following set
for positive integers a and b:

T
{(y) € Z%: T+ <1
= a b
This is simply the triangle (see Figure 2) with vertices at the origin, (a,0) and (0,b).

(0.b) " ®E =

0.0)
(a,0)

Figure 2: Lattice Points inside a Triangle

The number of lattice points in this triangle is given by

(a+1)(b+1)+ 1+ ged(a,b)
2

since there are ged(a, b)+1 lattice points on the line connecting (a, 0) to (0,b) and (a+1)(b+1)
is the total number lattice points in the rectangle of side length a and b.

17



In addition, as stated in [4, p. 6], if we want to know how many integers points lie on
the one dimensional polytope [0, a] for any real number a, the answer is clearly |a] + 1.

The following theorem from [4, p. 46] generalizes both of these examples and shows
how the resulting Fourier-Dedekind sum builds upon both the ideas of the greatest common
divisor function and the floor function. It will turn out that the Fourier-Dedekind sums that
appear are natural generalizations of our Dedekind sums.

Theorem 11. Let a,b,d, e, f,r € 7 with (e, f) = 1 and ea+ fb < rd. Consider the following
triangle (see Figure 3)

b
7y2876x+fy§71}

and define the lattice point enumerator for T, which counts the lattice points in the t'" dilate

of T:

Ly (t) = H(m,n) €7 m> %a,n > %,em—l—fn < tr} .
Then,
LT(t)_%(tT—U—U)Q—F—(tT—U—U) (é—f—%vL%) +i(1+%+%)
e f 1 ) 1 e—1 gg(v—tr) 1 f-1 éf;(“*tr)
+— ) +- + 2 18
2o @) S eyese i aaag

(1 (=2)

xT

Figure 3: Rational Triangle, 7, from Theorem 11 [4, p. 44]
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Proof. We start by re-writing the inequality in L(¢) as an equality by introducing a slack
variable:

tb
LT(t):'{(m,n,s)EZgzmz—n> em—l—fn—irs—tr}‘

This number is the 2! coefficient in the following function

S| | e (Z)

wefa] ) \efe] )\

These sums are over the integers which allows us to replace 7 W with (g‘ﬂ and %’ with (%W in
the summation bound.

Now, using geometric series, Y ;. 2" = £
(2¢)™, this becomes

for example, z¢ as

o4l eHlel 1 o
1—2¢ 1—2f 1_2/’:(1—26)(1—210)(1—2)' (19)

Note that we can check that u+v —tr—e— f —1 < 0 so the expression in (19) is indeed
a proper rational function which means we can apply the machinery of partial fractions.

To find the 2" term of (19), we have two options. We could find the residue at z = 0
of (19) divided by z"*! using the residue theorem on circles of radius 7 > 1 centered at the
origin (here, we once again would need that u +v —tre — f —1 —1 < —1 in order to make
the integral along the circle vanish). On the other hand, the method used primarily in [4]
(and which we follow) is to use partial fractions to find the constant term of (19) divided by
2" (taking z # 0) to see that

Zu—i—v tr 1
L (t) = const <<1 1 = 2N = z)) = const <<1 (1= ) (1= z)z"‘“‘”)
< Bl 5 Ck; s Dk
:COHSt(ZZ_gj—FZW—f‘Zm—i- Z ?>

7j=1

It turns out that the D, terms do not contribute to the constant term because they
contribute only to the terms in the Laurent series with negative exponents. Therefore we
can find Ly(t) by evaluating the function without the Dy terms at z = 0 which gives

-1 f—1
A B
Z—J Y G-+ C—Cy (20)
_ fe =1 ge

One can calculate these coefficients by some manipulation and taking the limit as z ap-
proaches the relevant pole. Then, the result is achieved by just plugging in the calculated
values into (20). For the details, see [4, p. 46].

O
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The last two terms in (18) motivate us to define the Fourier-Dedekind Sum. Let &, = €27/
be a bth root of unity. Then define [4, p. 15]

b—1 kn
b

1
PiE gy (g (1-6v)

These appear frequently in the study of the restricted partition function and the Frobe-
neous problem [4] in addition to their uses in counting lattice points in rational polytopes.

The goal now is to explain how Fourier-Dedekind sums are a natural generalization of
the standard Dedekind sum. To do that, we show that Dedekind sums can be expressed by
way of finite Fourier series. The finite Fourier series is a beautiful subject which can be used
to express complex-valued periodic functions on the integers as polynomials in the b roots
of unity £" = €2™/*. For more on finite Fourier series, [4, Chapter 7] is very instructive.

As a way of introducing and motivating the Fourier series, we give an example from [4,
p. 136] for the Fourier series for a simple periodic function.

Sp(ay, ... aq;b) =

Proposition 4. Let a(n) be periodic with period 3 given by a(0) = 1,a(1) = 5,a(2) = 2.

Then, if £ = e>™/3,
— § _é _ n _1 2n

This can be proved by defining the generating function F'(z) = -, a(n)z" and expand-
ing it into its partial fraction decomposition.
Now, we find something similar for Dedekind sums.

Proposition 5. For a, b relatively prime, let & = €2™/®. Then

1 b—1 1_{_€k1_|_57ka
s(a,b):@ =y
k=1
Proof. (from [4, p. 139])
First we show that
b—1
a 1 1+&F

Z)) = — ar . 21
(2)- 534 o

To show this, we rely on the machinery of the finite Fourier transform. That is, we can

express ((2)) = S5y a(k)E® where

. 1= (m 1\, 1< 1 1/ ¢ 1 11+¢k
=33 (F-3) e =pme g =1 () =g



Here we are using the fact [4, p. 146] that for (a,b) = 1, %22;11 kE—ok = % This
establishes (21).
Now, we compute

b1 I L b1 o
r-E() () - SEErE) B
k=0 k=0 L \p=1 v—1
1 b—1 b—1 b—1 1 _i_fli 1 —|—§ .
w2l o
=0 Lp=1v=1
1

b—1 b— -1
o 1 1_|_€N1_|_§ pkatvk
_4b2221_€u1_§u205 ’

The last sum over k is equal to 0 for v + pa #Z 0 (mod b) since EF+ra) = (gr+rayk Go the
only time we get a non-zero term is when v = —pa (mod b). In that case, £FF#9) = 1 5o
the sum becomes b. Thus, we can write

1 SA14&11 4 ¢he 14 gEL g
s(a,b) = 4b2z1—§u1—5—w' 4bzl—§k1—£’m

]

Given this, we are ready to show how the Fourier-Dedekind sum is a generalization of
the Dedekind sum with the following proposition.

Proposition 6. For a, b relatively prime integers, so(a, 1;0) = —s(a,b) + 2.
The proof of this is available in [4, p. 150] and is just a case of manipulating sums.

We continue this study by investigating a three-dimensional, integer vertex, analogue to
the earlier problem about counting lattice points in the triangle using the greatest common
divisor which is due to L. J. Mordell [13] through the following Theorem.

Theorem 12. [13] Let a, b, ¢ be be pairwise coprime positive integers, and let N3(a,b,c) be
the number of lattice points in the tetrahedron, P, defined by the following planes:

ng,y,z;f—i-g%-zgl.
a b ¢

Then,

Ns(a, b, c) = —(s(be, a), +s(ca, b), +s(ab, c)) + % L abteat CZG +b+c+

+1 bc+ac+ab+ 1 ey
12 \ a b c abe

Note that here P is the tetrahedron with vertices at (a,0,0), (0,b,0), and (0,0, ¢).

This theorem was originally proved in [13] with a tricky counting argument. Instead of
showing that method, we briefly outline a more recent proof from [4, p. 158] that extends
the result. This uses very similar methods as used in our proof of Theorem 11.
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Proof outline. We compute the lattice point enumerator for this tetrahedron:

Eol
Lp(t) = H(k,l,m) GZSk,l,mZO,E—I—[—)—i—% St}

= {(k,l,m,n) € Z* : k,l,m,n > 0,bck + acl + abm + n = abct } |

with the insertion of a slack variable to turn this three-dimensional polytope in three-space
into a three-dimensional hyperplane in four dimensional space.
We again notice that this is exactly the 2% term of

bek acl abm o 1

and use similar machinery of partial fractions to show that

abc ab + ac + bec + 1 bc ca ab 1
Lp(t) = —t* Py =+ =+ 24 )¢
P(t) 6 * 4 +<0L+b+c+<1bc)
+ (so(be, 1;a) + so(ca, 1;0) + so(ab, 1;¢))t + 1. (23)
Using Proposition 6, Theorem 12 follows easily. O]

In fact (23) is actually a much more general result which shows an example of how the
lattice point enumerator function for a polytope is a polynomial when the polytope has
integer vertices. This, along with more, is the content of Ehrhart’s theorem, a fascinating
result which connects a polytope’s lattice point enumerator to its volume and reveals many
more deep and interesting connections. For more on this, see [4, Chapter 3.

We finish this section by stating a result that generalizes these ideas to higher dimensions.

Counting lattice points in polytopes can be naturally applied to computing the following
restricted partition function

= [{(m1,...,mq) € Z* :m; > 0,mya; + - - - + mgag =n}|.

It turns out, that by using similar methods to in Theorem 11, we can compute this as a
Fourier-Dedekind sum with the following theorem

Theorem 13. (from [4, p. 15])

pA(TL) = _Bl + B2 -t (_1)dBd + S—n(a'27a37 <oy Qg al) + S—n(alaa3a A4, - .., Qd; a?)
+ -+ S_R(Cbl, cee,Ad—1;, ad)

where the B; are computable constants.

This concludes our discussion the role Dedekind sums play in number theory and in
counting lattice points inside polytopes. We have seen a strong connection between Dedekind
sums and the Jacobi symbol, and seen how important understanding Dedekind sums in
analyzing transformations of the Dedekind 7 function, a key function in analytic number
theory. In addition, we have seen how Fourier-Dedekind sums, a natural generalization of
Dedekind sums appears in enumerating lattice points. This led us to realize how Dedekind
sums can be represented as sums over the b roots of unity using the finite Fourier transform.

22



3 Recent Questions

In this last section, we discuss modern approaches to two open problems.

3.1 What Values do Dedekind Sums Take?

We are now concerned with finding the exact set {s(a,b) : a,b € Z,b > 0}, an open question
according to [4, p. 165].

Girstmair [6] proved the following necessary condition of which fractions % appear as
values of normalized Dedekind sums.
Theorem 14. [6] Suppose for integers a,b, k,q with b > 1,¢ > 2 and (a,b) = (k,q) =1, it
holds that 12s(a, b) = g. Then,

e If 3 fq, then 3|k.
o If 2 fq, then
2 (mod4) ¢=3 (mod4)
k=40 (mod38) gqisa square (24)
0 (mod4) otherwise.
And, he conjectured the following converse.

Conjecture 1. [6] For integers k, ¢ with ¢ > 2, (k, q) = 1, there exists integers a, b such that
b>1, (a,b) = 1 such that

k
12s(a,b) = —
(a,b) .

if and only if the conditions in Theorem 14 hold.

It would be nice if we could prove this conjecture, as that would tell us what the set
{s(a,b) : a,b € Z} is. While the full proof of this does not seem currently available, Michael
Kural recently [12] proved the conjecture for certain values of q.

Theorem 15. [12] Conjecture 1 holds for ¢ even or a square divisible by 3 or 5.
This is nice because it allows us to once again prove Theorem 4, this time quite easily.

Proof of Theorem 4. Since the rationals are dense in R, let ”* with (m,n) = 1 be any rational
number. Given € > 0 we need to find (a,b) = 1 such that |[12s(a,b) — | < e. By Theorem
15, let ¢ € 7 such that 6|g. Then ¢ is even and the conditions in 14 hold vacuously true.
So, we may find a,b such that 12s(a,b) = k/q for any such ¢ and all k. So, let ¢ > % such
that 6n°|g. And, let k = ™24 1. Since n?|q, we know that ™ is an integer divisible by g, so
(k,q) = 1. Now, it suffices to check

e
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3.2 What pairs a,d exist such that s(a,b) = s(a’,0)?

Another open question, according to Beck and Robins [4, p. 164], is to find, for a given
b, all pairs of integers a,a’ € Z; such that s(a,b) = s(a’,b). We know that by Proposition
1, s(a,b) = s(d’,b) if aa’ = 1 (mod b) or a = o’ (mod b). And, for primes, we have the
following converse mentioned earlier.

Proposition 7. [4, p. 162] For p prime, s(a,p) = s(da/,p) if and only if if aa’ =1 (mod p)

ora=d (mod p).

However, by simple computation, we see that s(4,25) = s(9,25) and yet 4 -9 = 11
(mod 25). Motivated by this and many other examples, we make the following conjecture
for the case where b = p? for p prime.

Conjecture 2. Let p be prime. If a,a’ € Z such that (a,p?) = (a’,p?) = 1, then s(d’, p?) =
s(a’, p?) if and only if at least one of the following holds

e a=d (mod p?)
e ad’ =1 (mod p?)

a=a =1 (mod p) and a,a’ #1 (mod p?)
ea=d=-1

(mod p) and a,a’ Z —1 (mod p?).

While a full proof of this is currently unavailable, we can easily verify it to be true up to
p < 13 and it appears to hold for larger primes also.

This concludes our discussion of recent efforts to tackle two open problems. It seems
as if Conjecture 1 very well could be true, which would answer our first question. And, it
seems likely that Conjecture 2 could be true. However, the case for general b in our second
question seems erratic and hard to understand. For example, even going to the case where
b = p? exhibits surprising irregularity.

In this paper, we have explored the behavior of Dedekind sums through elementary
properties and continued fractions. We have seen two of the major areas from which study
of Dedekind sums both benefits and informs. Finally, we have seen progress towards two
questions that still remain unanswered.
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